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Preface

Sample size determination is one of the important problems in
designing an experiment or a survey. The general results of this
problem are scattered in various textbooks and journal articles.
There seems to have been no comprehensive monograph on this
topic, except for some specialized coverage in books, such as
“Sample Size Determination,” by Mace, “Statistical Power
Analysis,” by Cohen, and “How to Choose the Proper Sample
Size,” by Brush.

In this monograph, the authors present the currently available
methodology for the purpose of estimation and tests of hypoth-
eses. This discussion includes the two cases, namely, random
sampling from standard probability distributions and from finite
populations. Sample size determination for estimating param-
eters in a Bayesian setting by considering the posterior distribu-
tion of the parameter and specifying the necessary requirements
is also briefly discussed. Further, the determination of the sample
size is also considered for ranking and selection problems as well
as for design of clinical trials.
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Xii Preface

In relation to the estimation problems, the sample size is deter-
mined by controlling the absolute error or relative error with a
high degree of probability based on the feasibility of the proce-
dure when the sampling is from known probability distributions.
When the samples are from a finite population, the variance of
the estimator is controlled, and the sample size is obtained. It
may be noted that controlling the variance of an estimator can be
related to controlling the absolute error of the estimator. The
sample size in the context of testing a hypothesis is determined by
controlling the power of an a-level test for certain alternatives.

A two-semester mathematical statistics course provides an
adequate background for understanding the material presented in
this monograph. As such, this monograph can be used as a text
for a senior-level course on this topic. This material has been
successfully used as a text in a graduate course given by one of the
authors.

This monograph is not a ready reckoner for someone to deter-
mine the sample size for a specific problem and, as such, no tables
or charts are provided. However, it contains appropriate tech-
niques for attacking the general question of sample size determi-
nation in problems of estimation, tests of hypotheses, selection,
and clinical trial design. It will aid the reader in formulating an
appropriate problem of sample size and in obtaining the solu-
tion. This may also serve as a reference book for consulting
statisticians.

An annotated list of tables is given in the appendix, which is a
ready reference for the reader in determining the sample sizes for
the problems discussed in the text. A collection of problems is
given at the end of the book, and this set will serve as a useful
supplement to the material covered in the text.

The authors wish to thank Ms. Shelah Burgess for her efficient
typing of the original manuscript.

December 1989 M. M. Desu
D. Raghavarao



Chapter 1 One-Sample Problems

1.1 Introduction

Statisticians draw inferences about population parameters based
on samples of appropriate size. The number of units used in the
sample is called the sample size.

Consider a gubernatorial election in which Candidate A has
actually received 45% of the electoral votes. If an exit poll of 100
voters is taken, then there is a 13.35% chance of his getting more
than half of the votes. If a sample of 2000 voters is taken,
however, then this chance is nearly zero. By taking a small
sample of 100 voters, the candidate gets a false hope of winning
the election, while the true picture emerges with a large sample of
voters such as 2000. Interviewing 2000 voters is expensive and
time consuming. There is a minimum required sample size that
enables one to estimate the proportion of his preferred votes to
the desired level of accuracy.



2 One-Sample Problems

Again, take the case of a manufacturer of Model X cars with
given equipment options who claims that those cars give an
average gas mileage of at least 25 mpg. Assume that the standard
deviation of gas mileage delivered by such cars is 1 mpg. A
consumer protection agency wants to disprove the manufacturer’s
claim using a test of .05 level of significance. Using only four test
cars, the agency has a 26% chance of rejecting the manufacturer’s
claim, when the actual gas mileage delivered is 24.5. Thus, cars
giving + mpg less than the claim have a 74% chance of meeting
the manufacturer’s claim. If 100 cars are tested, this chance of
accepting the manufacturer’s claim becomes nearly 0%. Then
once again there is an appropriate sample size that enables the
experimenter even to retain a hypothesis with a high probability
when it is false.

In this chapter, necessary tools will be developed to provide
answers for questions on appropriate sample sizes in different
settings, when inferences are drawn about the parameter (or pa-
rameters) of a single population using only one random sample.
At present, it is assumed that the random samples are drawn from
probability distributions, and problems involving finite popula-
tions will be considered in Chapter 5.

1.2 Sampling from a Normal Distribution

Let X be a random variable following a normal distribution with
mean w and variance o having the density function

1 (x—w)?

X5 M, 0%) = — —o<x < 1.2.1
o) = ep( - L) —ecrcn a2
This will be written as X ~ N(u, 0?). Let X, X,,..., X, be a
random sample on X from the normal distribution. Further, let

_ “ {, (X; - X)2
X_igln’ 21 (”_1)

(1.2.2)

The sample mean X is known to have a normal distribution with
mean u and variance o2/n and is independently distributed from
s2. The quantity Y = (n — 1)s?/o” is known to have a chi-square
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(x?) distribution with v = n — 1 degrees of freedom, denoted by
x°(v), having the density function.
1
fyv)y=—r—
i

v2mleTy2 L <y <o, (1.2.3)

2

Further, the quantity

T= , (1.2.4)

has Student’s t-distribution with v=n—1 degrees of freedom,
denoted by T(»), having density function

r v+1
2 1
X A\ D2
I = + —
f3) (1+5)

The required sample size for estimating and testing hypothesis
about the parameters u or o~ are considered in the following
sections.

£t v) = (1.2.5)

1.2.1 Estimation of u When a* Is Known

It is known that the best unbiased estimator of u is X. The
absolute error in estimating u by X is |X — u/. It is desirable to
control this absolute error at a certain level. Mathematically, this
requirement can be stated as

PIX —ulsd)=1-aq, (1.2.6)
where d and « are prechosen positive constants. It is possible to
choose 7 suitably to meet the condition given in (1.2.6), and the
result is contained in the following:

Theorem 1.2.1 The sample size n, required to meet the inequality
(1.2.6) is [n*] + 1, where

2
« =z, 1.2.7
=z (127)
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[-] is the greatest integer function, and z, /2 is the upper 100(a/2)
percentile point of the standard normal distribution.

Example 1.2.1.1 Consider the problem of estimating the gas
mileage of a given brand of cars with specific options, such that a
maximum absolute error of 3 mpg is allowed with a probability of
at least 0.95. Furthermore, it is known that the standard deviation
of the gas mileage distribution is 1 mpg. This requirement can be
expressed as

P(X — 1/ <0.5)=0.95,

and the required number of cars to be tested, from Theorem
1.2.1, 1s 16, because

L2 [A90M)F
n—{ = }_15.4.

1.2.2  Estimation of u When o Is Unknown

In this case, if the accuracy d given in (1.2.6) is expressed in units
of o, that is, ko, where k is specified, (1.2.7) is applicable and
yields

n* = (%)2 (1.2.8)

If such a specification of d = ko is not feasible, then one may have
to consider a modification of Stein’s two-stage procedure to esti-
mate u as described next:

(i) Take an initial sample of size n,(>2). Let s? be the variance
of this sample.

s3t2 5(n; — 1
(i) Let n= max {nl, {—1—%] + 1}, where 1,(v) is the

upper 100p percentile of the s-distribution with v degrees of
freedom.

(iii) Take n — n; additional observations, if necessary.
(iv) Let X be the mean of all n observations.
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It is then known that the estimator X satisfies the requirement
given in (1.2.6).

The question to be resolved in these two-stage procedures is
the choice of n,, the initial sample size. One can evaluate E(n) for
different n; and o values and make a judicious choice of n;. For
a detailed discussion of this aspect of these procedures, see Mosh-
man (1958) and Seelbinder (1953).

Consider the Example 1.2.1.1 and suppose that the standard
deviation, o, of the gas mileage distribution is unknown. The
experimenter may initially take n, =35, say, cars and let the gas
mileages delivered by the five cars be 24.5, 26, 25, 24.9, and
24.6 mpg. Here, s7 = 0.355. Now

1 = max {5, [(2.776)2(0.355)} N 1} 1L

(0.5)?

Thus, the experimenter has to take 11 — 5 = 6 additional cars and
collect the data on them to meet the specifications for estimating
the mean.

1.2.3 Estimation of o'

An unbiased estimator of ¢? is known to be

n Xi_ 2
52 = E (—npi, if u is known; (1.2.9)

=52 if w is unknown.

Let f=n or n — 1 depending on whether w is known or unknown.
The quantity f62/o? is distributed as x*(f).

It is not possible to determine the sample size by controlling the
absolute error as in the case of estimating the mean. It is easy
Y|<d) cannot be evaluated without
prlor information on ¢?. If d is taken as ro?, however, then
6% —o?l<ra?)=P((6° - %) /o =7), and this probablllty
can be evaluated. This modified specification controls the relative
error |(6* — 0?)/o?|. Thus, n will be found to satisfy the require-
ment

Sr)?l—a. (1.2.10)
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This criterion is equivalent to

)
P[(l“r)fS%fz—S(l-Fr)f]Bl—a. (1.2.11)

Let G¢(-) be the distribution function of a x? variable with f
degrees of freedom. Equation (1.2.11) can be written as

G((A+nf)-G((1-nf)=1-a (1.2.12)

Theorem 1.2.2 The required sample size n that satisfies the spec-
ification (1.2.10) is f or f + 1 according to whether w is known or
unknown, where f is the smallest positive integer that satisfies
(1.2.12).

Since the inequality (1.2.12) cannot be solved explicitly for f, a
rough approximation to obtain f will now be given. From the
Central Limit Theorem, the distribution of (y?(f) -f)/\/_2_ is
asymptotically N(0,1). Using this fact, from Equation (1.2.12)

one gets
Cb(r g)—@(—r\/g)zl —a, (1.2.13)

where ®(+) is the distribution function of the standard normal
variable. This can be easily solved for f, resulting in the following
theorem:

Theorem 1.2.3 An approximation to the sample size n satisfying
the criterion (1.2.10) is [f*] + 1 or [ f*] + 2 accordingly as w is
known or unknown, where

_ 223/2

fr==7: (1.2.14)

Example 1.2.3.1 An engineer is interested in estimating the
variance in resistance values of a certain resistor type controlling
the relative error at 20% with a probability of at least 95%. Here,
r=.20 and 1 — @ = .95. Thus, (1.2.14) gives

. 2(1.96)
~(0.2)?

=192.08
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The required sample size is 193 or 194 depending on whether w is
known or unknown to the engineer.

1.2.4  Tests of Hypothesis about i When o* Is Known

Consider the problem of testing a null hypothesis Hy: u= pg
against the one-sided alternative H4: u > ug with « level of signif-
icance. The critical region is known to be

o

X>,U«0+Za(\/_ﬁ>- (1.2.15)

The sample size will now be determined so that the test has a
specified power of 1 — B at the alternative u = u;(>pn,). In other
words, n is chosen such that

P(X > potz(o/n)lp=u)=1-8.  (1.2.16)

This equation yields n = [n*] + 1, where

n* =

{m(za+zﬁ)} . (1.2.17)

This result is given in the following:

Theorem 1.2.4 The sample size n required to give a power 1 — 3
at the alternative u = p; (>po) of an a-level one-sided test of Hy:
w= o is [n*] + 1, where n* is given by (1.2.17).

Example 1.2.4.1 The average milk yield of cows with a standard
feed is 1450 Ibs over a 10-week period with a standard deviation
of 70 Ibs. A new feed is to be tested, and the new feed is expected
to increase the yield. The investigator uses a .05 level one-sided
test and is interested to have a power of .90 when the real mean
yield is 1500 Ibs. The required sample size is 17 because

. [70(1.645 +1.282)
n =
50

2
} =16.79.

The sample size given in Theorem 1.2.4 is also useful in the
context of testing Hy:u = uy against the one-sided alternative

HA: M<},L0
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Now, consider the problem of testing the null hypothesis
Hy: = pg against the two-sided alternative Hy: p # po using an
a-level test. The critical region is

If—mba4§a. (1.2.18)

The sample size n will be found so that the test has a specified
power 1 — B at the alternative u = p; (# o). The sample size n is
thus chosen so that

ag

P(IX — ol > Za/2<\/;>|,“« =wm)=1-5 (1.2.19)

This can be rewritten as

(1 = Mo) (11 — Ro) 1
CD(—Za/z——U/‘Tn——)WLl—‘D(ZQ/z——-—U/\/; )—1 B,
(1.2.20)

If ;> pgo, then the first ®(+) term on the left-hand side of
(1.2.20) is close to 0, and an approximate n, a solution of (1.2.20)
satisfies

%ﬂ—gii%ﬁ=—%. (1.2.21)

On the other hand, if u,; < g, then the second ®(-) term on the
left-hand side of (1.2.20) is close to 1, and an approximate n, a
solution of (1.2.20) satisfies

(11— o)

— -t =2z,. 1.2.22
Za/2 0/\/; Zg ( )

Equations (1.2.21) and (1.2.22) can be combined into one
equation

’,U«l _,U«ol

Za/2+ZB=—;/—\/E—. (1.2.23)
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Hence, n is [n*] + 1, where

+ 2
n* = {H} . (1.2.24)

The following theorem is thus established.
Theorem 1.2.5 The sample size n required to give a power of

1 — Bat the alternative p = u, (¥ ) to an a-level two-sided test of
Hy: = pg is [n*] + 1, where n* is given by (1.2.24).

1.2.5 Tests of Hypothesis about u When o* Is Unknown

In this case, the critical region of a one-sided a-level test for
testing Hy: u = u, against the alternative Hy: > pg is

= s
X>ugtt,(n—1)—F. 1.2.25
pottun =1 7= (1.2.25)
By requiring a power of 1 — 8 at u= u; (>u,), one gets
_ s
PX>pott,(n—1)—|u= =1-p. 1.2.26
(X > po + to(n )ﬁm 1) B ( )

Approximating s by o, (1.2.26) can be simplified to

(T(n—1)>t(n—1) f(“l “0)) 1-8, (1.2.27)
and thus
t(n—1)— f(“l to) —ty(n—1).  (1.2.28)

If o, is a known upper bound for the unknown o, (1.2.28) can be
solved for n iteratively. It is the smallest positive integer satisfying

_ a,(t,(n— 1)+ tg(n - 1))}
{ (11— Mo)

It is somewhat unrealistic to assume that an upper bound o, will
be known for the unknown o. Furthermore, if o, is set at the
extreme, n will be very large, thus defeating the purpose of

(1.2.29)
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sample size consideration. To make things more complicated, in
the process of deriving (1.2.29), s was approximated by o, which
may be valid only for large n. All of these considerations tend to
undermine the use of (1.2.29) as an appropriate answer to the
sample size question in this case.

Alternatively, satisfactory results can be obtained using a two-
stage t-test as described next:

(i) Take an initial sample of size n,(>2). Let s? be the
variance of this sample.

(ii) Let

— 2
P~ Bo } . (1.2.30)

“” {ta(nl —1) + to(n, - 1)

s2
(iii) Let n = max {nl, {?1] + 1}.

(iv) Take n — n, additional observations, if necessary. Let X
be the sample mean of the total sample of size n.

(v) The critical region of a one-sided a-level test for testing
Hy: p = uo against the alternative Hy: pu > o giving a
power of at least 1 — B at = pu, is

X > o+ 1,00, — 1)(\%). (1.2.31)

The mathematical details in the development of this procedure
are discussed in Problem 7 of the Problems and Supplements part
of this monograph. A similar approach can be taken for testing
Hy: p = pgyagainst Hy: < . For testing Hy: p = p against the
two-sided alternative H,: w¥ o using a two-stage procedure,
replace (1.2.30) by

. 2
|1 — ol } ’ (12.32)

€ {ta/z(nl —1)+15(n; — 1)

and replace (1.2.31) by

|X = pol > to(ny — 1)(%) (1.2.33)
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Consider Example 1.2.4.1 and let o be unknown. Initially, the
experimenter may select a sample of n; =5 cows and let the milk
yields for the five cows for the 10-week period be 1490, 1560,
1460, 1480, and 1510. Here, st = 1450. From Equation (1.2.30),
using a = .05, B=.10, and p, — uo =50, one gets c = 186.12.

- s | 1950 1 log
7= MaAXe s 178612 -

Thus, the data on three more cows are needed to meet the
specification.

1.2.6 Tests of Hypothesis about o*

Using the notation of Section 1.2.3, the commonly tested hypoth-
esis about o2 is Hy: o®= o§ against the one-sided alternative
H,: o?> o}. The critical region of an a-level test is

2.2
a_2 = UOXl—a(f) ,
f

where x3_.(f) is the 100(1 — &) percentile point of x*(f). For
having a power of 1 — 8 when o? = o1 (>0{), the sample size n
must be chosen so that

(1.2.34)

P<&2>Ml}a—(f)‘ 02=Uf)=1_3- (1.2.35)

This leads to the relation

otxi-a(f) = otxs(f), (1.2.36)
which needs to be solved for f. Thus,
Theorem 1.2.6 The sample size n required to give a power of
1 — B at the alternative o* = o (>a}) to an a-level one-sided test
of Hy: 0°=a§ is [ or f+1 depending on whether u is known

or unknown, where f is the smallest positive integer satisfying
(1.2.36).

The x* percentiles can be approximated by normal percentiles as
Xo(f)= (@7 (p) + V2f = 1)*-3.
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Using this approximation in (1.2.36) and solving for f gives the
solution

1 /Az,+2z5\% 1
*:— —————a B ol
f 2( N1 ) +2, (1.2.37)

where A° = ¢3/0%. Thus,

Theorem 1.2.7 An approximate sample size n required to give a
power of 1— B at the alternative o*= o} (>03) to an a-level
one-sided test of Hy: 0* = o§is [f*]+1 or [f*] + 2 depending on
whether u is known or unknown.

Example 1.2.7.1 An engineer wants to test the variability
in resistance values for certain resistors. He wants to perform a
0.05 level one-sided test for Hy: o?=2,000, and he wants a
power of 0.90 when o2 = 3,125. Here A =0.80, and

., 1((0.80)(1.645) +1.282 2+
f 2 0.80 — 1

N =

= 84.87.

The required sample size for this problem is 85 or 86 depending
on whether u is known or unknown.

Determination of sample size in the context of constructing
tolerance intervals can be related to the same problem in the
context of testing a hypothesis. Such a discussion appears in
Guenther (1977, Chapter 4). For additional discussion and tables,
one may refer to Odeh, er al. (1987, 1989).

1.3 Sampling from a Bernoulli Distribution

Let X be a discrete random variable with probability function

flx; )= 65(1— 6)' %, x=0,1. (1.3.1)
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It is known that the mean and variance of this distribution are,
respectively, 8 and 6(1 — 6). Let X;, X,, ..., X, be a random
sample on X. Then Y =2]_, X, is known to have a binomial dis-
tribution with parameters n and 6, whose probability function is

f(y;n,0)=<;)6y(l—0)"_y, y=0,1,...,n. (13.2)

The mean and variance of Y are n6 and n6(1 — 6), respectively.
Thus, Y/n is an unbiased estimator of 6.

The required sample size for estimating and testing hypotheses
on 6 will be considered in the following sections.

1.3.1 Estimation of 0

To determine the sample size n for estimating 6 by 6 = Y/n con-
trolling the absolute error with a high probability, one needs to
choose n to satisfy

P(|Y/n—6|<d)=1-a, (1.3.3)

for given positive constants d and a. The left-hand side of
(1.3.3) is

P(r(0-d)]+1=sY=<[n(@+d)])=P(y; <Y<y,

Y2 n .
> (y)e (1—6)"7.

Yy=¥
(1.3.4)

Since this probability depends on the unknown parameter 6, one
may note that it is least when #=0.5. Thus, a generous sample
size n can be determined by setting 6 = 0.5 in (1.3.4) and making
it not less than 1 — a.

To obtain a quick solution to (1.3.3), the probability of (1.3.4)
will be approximated. From Central Limit Theorem, the distri-

bution of (Y/n — 6)//6(1 — 6)/n is asymptotically N(0, 1).
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Using this fact, from Equation (1.3.3) one gets

d —d
Ol——\| - [——\=1-aq,
6(1 - 6) 6(1 - 6)
n n
i.e.,
d

[44
=1-—. (1.3.5)

q) —_————
[6(1 - 6) 2
n

n= 0(1 - 0)2&/2
/———dz .

Thus, n must satisfy
(1.3.6)

Since 6 is unknown and 6(1 — 6) is maximum, when 6=0.5,
one may use a generous estimate of n as [n*] + 1, where

(1.3.7)

Thus,

Theorem 1.3.1 An approximate sample size n for estimating 6,
the probability of success of a Bernoulli distribution, by 8 = Y/n
satisfying the requirement (1.3.3) is [n*] + 1, where n* is given by
(1.3.7).

Example 1.3.1.1 A pharmacologist wants to estimate the re-
sponse rate of a drug to within 0.03 with a probability of at least
95%. Here, d =0.03, and 1 — a = 0.95, so that

. (1.96)°
T 4(0.03)
= 1067.11.

The required sample size in this problem is n = 1068.
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1.3.2 Tests of Hypothesis about 0

Consider an a-level test of Hy: 6= 6, against the one-sided
alternative H,: 6> 6,. The critical region is

Y >c, (1.3.8)

where c satisfies
P(Y>c|0=6)<a, (1.3.9)

or equivalently,
L(ct1l,n—c)<a, (1.3.10)

[(a, b) being the usual incomplete beta function
JEu'(1—w)bdu
fou 11 —w)l tdu”
By requiring a power of at least 1 — B at § = 6, (>6,), one gets
P(Y>c|6=6)=1-8, (1.3.12)

I(a,b)= (1.3.11)

from which the sample size n is determined. Thus, n and ¢ must
satisfy the following two equations:

Lc+l,n—c¢)<a, Lh(ctl,n—-c)=1-8. (1.3.13)

These equations have to be solved iteratively.

An approximate solution to n can be obtained by making the
arcsin transformation on Y/n and expressing the probabilities in
Equations (1.3.9) and (1.3.12) in terms of standard normal dis-
tribution function. It is known that

Z= Zﬁ(arcsin \/5 - arcsin \/5)

is asymptotically distributed as N(0, 1). It may be noted that the
arcsin (+) function has to be given in radians. Thus, #n satisfies the
equations

1- CD{Z\/;(arcsin \/g — arcsin 00>} = q,

1- CD{Z\/;(arcsin \/g— arcsin JE)} =1-8.

(1.3.14)
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A solution of n from the equations is

* (Za + ZB) 2
"o {Z(arcsin /6, — arcsin \/9_0)} . (1.3.15)

The following result is thus established:

Theorem 1.3.2 An approximate sample size n required to give a
power of at least 1 — B at the alternative 8= 6, (>6,) to an a-level
one-sided test of Hy: 0= 6, is [n*]+ 1, where n* is given by
(1.3.15).

Example 1.3.2.1 A pharmaceutical company claims that its new
pain reliever is more than 90% efficient in providing relief. It is
decided to conduct a 0.05 level one-sided test of Hy: 8= .90
against the alternative Hy: 6> .90. It is desirable that the test
has a power of 0.90, when 6=0.95. Thus, «=0.05, 1-8=
0.90, 6,,=0.90, 6, =0.95, and

[ 1.645+1.282
" 12,6906 — 2.4981

2
) =231.2.

The required sample size is thus n = 232.

1.4 Sampling from an Exponential Distribution

Let X be a random variable having a two-parameter (negative)
exponential distribution with density function

f(xiy,0)=0"le V0 x>y (1.4.1)

This fact will be denoted by writing X ~ NE (v, 0). Let X;,
X,,...,X, be a random sample on X. Let Y, be the sample
minimum, and Y>=2"; (X; —Y;). It is then known that Y, ~
NE(y,6/n), (2Y>/0) ~ x* (2(n—1)). and Y; and Y, are inde-
pendent.

In the following sections, estimation and tests of hypotheses of
the parameters y and 6 will be considered.
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1.4.1 Estimation of v When 0 Is Known

The usual estimator of yis Y;. By controlling the absolute error
|Y; — y|, the sample size n will be determined meeting the
specification

P(lY,—vy|<d)=1-gq,
that is,
PO=sY, —-y<sd)=1-a. (1.4.2)

The required »n here is [n*] + 1, where
o
In{ —
(49

Theorem 1.4.1 The required sample size n for estimating y when
6 is known satisfying the requirement (1.4.2) is [n*] + 1, where n*
is given by (1.4.3).

(1.4.3)

1.4.2 Estimation of v When 6 Is Unknown

As in the case of estimating mean when variance is unknown of a
normal distribution, here also a two-stage procedure (cf. Desu
et al., 1976) is desirable and can be carried out in the following
steps:

(1) Take an initial sample of size n, and estimate 6 by

» - Xi—Yi(ny)
h=3y LU
El PR (1.4.4)
where Y (n,) is the minimum of this sample.
(ii) Calculate ¢ from the formula
al/(l—m) -1
c=(n, - I)T (1.4.5)

(iii) Let n=max{n,,[c8] + 1}.
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(iv) Take n —n; additional observations, if necessary. Let
Y,(n) be the smallest observation for the combined sample
of size n.

The estimator Y;(n) then meets the specification (1.4.2).

1.4.3  Estimation of 0

An unbiased estimator of 0 is

It
M=

6 if v is known;

i
3

(1.4.6)

, if yis unknown.

I
it

L

Let f = 2n or 2(n — 1) depending on whether y is known or
not. It is known that f6/6~ x*( f).

In this case, one can determine f by controlling the relative
error. Thus, f will be found to satisfy the requirement

6—6
P( — $r)>1—a. (1.4.7)
This implies that
fé
P (1—r)f$?s(l+r)f =z1—a, (1.4.8)
which can be written as
G((1+nNf)-G((1-nNf)=1-a. (1.4.9)

Now,

Theorem 1.4.2 The sample size n required for estimating 0 by 0
meeting the specification (1.4.7) is f/2 or f/2 + 1 depending on
whether vy is known or not, where f is the smallest even positive
integer satisfying (1.4.9).

Note that Equation (1.4.9) is similar to Equation (1.2.11).
Arguing in the same manner as in Section 1.2.3, the following
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theorem can be proven:

Theorem 1.4.3 An approximation to the sample size n satisfying
criterion (1.4.7) is [f*/2]+1 or [f*/2}+2 according as v is
known or unknown, where

_ 22,3/2

fr="2 (1.4.10)

7

1.4.4  Tests of Hypothesis about 6

Continuing the notation of Section 1.4.3, the critical region of an
a-level test of Hy: =6, against the one-sided alternative
H,: 6> 6, is

é>%ﬁ_a(f). (1.4.11)

To have a power of 1 — B at =6, (>6,), the required sample
size n must satisfy the condition

A 00
P(9>7X%_a(f)19=91)=1—3. (1.4.12)

Thus, f must satisfy the relation

OoX7-a(f) = 61 x5(f). (1.4.13)
This result can be stated as

Theorem 1.4.4 The sample size n required to give a power of
1 — B at the alternative 6 = 60, (>8,) to an a-level one-sided test of
Hy: 0= 6, is f/2 or f/2+ 1 depending on whether vy is known or
unknown, where f is the smallest even positive integer satisfying

(1.4.13).

Approximating x? percentiles with standard normal percentiles
as an Section 1.2.6, the following result can be established.

Theorem 1.4.5 An approximate sample size n required to give a
power of 1—B at the alternative =0, (>6,) to an a-level
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one-sided test Hy: 0= 6y is [f*/2]+ 1 or [ f*/2] + 2, where

frea(Xetis 1 1.4.14)
20 a-1 2’ (1.4.

A% being 6,/ 0, .

The case of negative exponential distribution with a single
parameter 6 corresponds to known y=0, and the appropriate
results of this section are applicable. The case of first ¢ failures
only will be discussed in the Problems 3 and 4 at the end of this
monograph.

1.5 Bayesian Approach to Estimation

The entire discussion up until now used classical methods where
probabilities are to be interpreted as relative frequencies. When
individuals have prior beliefs about the parameter values, they
may want to revise these beliefs in light of the information pro-
vided by the samples. This way of making inference, where
probabilities are usually interpreted as personal beliefs, leads us
to the following Bayesian approach to the sample size problem in
the context of estimation of parameters.

Here, a general framework needed to formulate the problem
will be given. This discussion is along the lines of Guttman et al.
(1982).

A random sample of size n on X, with probability function or
probability density function f(x|8) will be observed to provide
information on 8. The parameter is a continuous variable taking
values in the set @. Prior beliefs can be stated in the form of a
prior distribution defined by p(6). Let X be a random sample on
X. Given X, the posterior probability density function of 8 is

p(O)L(6]X)
Jor(8)L(8]X)d6’
where L is the likelihood function of the sample. The posterior

distribution summarizes all the information that one has about
the values of 6.

T (8lX) = (1.5.1)
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Now we concentrate on one component 6, of §. The marginal
posterior density of 6, is 7(6;|X), and this will be used for
inference purposes. The mean of this posterior distribution is
used as a point estimate and is called the Bayes estimate of 6,. If
point estimation is the objective of the experimenter, the sample
size determination may be formulated as follows.

Let 6;(X;p) be the posterior mean of 6, based on the prior p
and the random sample X. One may want to choose the sample
size n so that

P8, - 6(X;p)l<d|X)=1-a, (1.5.2)

for chosen positive d and a. It may be noted that choosing #n in
this manner amounts to ensuring that 6,(X;p) = d is a posterior
interval of level 1 — « for 6, . In other words, one wants to ensure
that an interval of specified width 2d around the Bayes estimate
is a posterior interval of specified level 1 — a.

Alternatively, one may want to choose the sample size n so that

P( 0, — 91 (X;p)
6,(X;p)

for chosen positive r(<1) and a. When # is chosen in this manner,
the interval

srgj>1—a, (1.5.3)

([1_r]él(l;P), [1+r]él(X;P))
is a posterior interval of level 1 — « for ;. This interval has the
property
Upper end point B Lower end point
Middle point B Middle point

The results for the same probability model differ from one
prior to another. So no detailed discussion will be given. How-
ever, some cases, where one can determine the sample size » using
one of the previously mentioned requirements, are included in
the problems and supplements section (Problems 14-16). For a
good review of the concepts and results about the posterior
distributions, one may refer to Chapter 9A of Guttman et al.
(1982). For other decision theory sample size problems, the in-
terested reader is referred to DeGroot (1970, Chapters 8 and 9).



Chapter 2 Two-Sample Problems

2.1 Introduction

Let X and Y be two independent random variables with distri-
bution functions F(x) and G(y), respectively. One may com-
pare these distributions or the appropriate parameters of these
based on two independent random samples on X and Y. For ex-
ample, one may draw inferences on the difference of their
means, E(X)— E(Y), or on the ratio of their variances,
Var (X)/Var(Y).

The problem of determining the appropriate sizes of the sam-
ples to draw various inferences meeting certain specifications will
be discussed in this chapter.

2.2 Sampling from Two Normal Distributions

Let X ~N(u,07) and Y ~N(u,,03). A random sample
X,X3,...,X, of size n, is taken on X and an independent

23
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random sample Y,,Y,,...,Y, ofsize n, is taken on Y. Let

AN ¢ noX;—X)?
X=3—, -y & XY )

i=1M1 =1 M

5 (2.2.1)

s oY - (Y- Y)
Y= -, E .

j=1HR3 j=1 -1

The estimation and tests of hypotheses about the parameters
u1 — o and o1/o? will be considered in the following sections.

2.2.1 Estimation of u, — u, When o, o3 Are Known

The usual unbiased estimator of wu; — w, is X — Y and is distri-
buted as N(u; — u», 03/n, + 03/n,). By controlling the absolute
error of the estimator with high probability, one wants to deter-
mine n; and n, such that

P((X - 7))~ (i —p)lsd)=1—gq, (2.2.2)

where d and « are prechosen positive constants. To get unique
solution to n; and n, satisfying the condition (2.2.2), there is a
need to have a second condition. Taking the cost and other
factors into consideration, one usually imposes a condition
n, = kn, for a suitable k. In most problems, however, the special
case of k = 1 (equal sample sizes) will be considered. The follow-
ing result about n, and n, easily follows.

Theorem 2.2.1 The appropriate sizes n; and n, of the two
samples meeting the specification (2.2.2) are n,=[kn*]+1,
n,=[n*]+ 1, where

{(o1/k) + Uz}za/z
d2

n*

(2.2.3)

When of = o3 (=02, say) it is customary to take n, = n, irre-
spective of the cost differential and in that case

2 2
n1=n2—[ Udz;‘/z}+ 1. (2.2.4)
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Example 2.2.1.1 A physician is interested in estimating the dif-
ference in mean pulse rates for men and women to within one
beat with a probability of at least 0.95. Suppose that the common
standard deviation of the pulse rates among men and women is
two beats. Now from Equation (2.2.4),

[2(22)(1.962)
Ri=Nr= |

T ]+1=3L

Thus, he should randomly select 31 men and 31 women for this
study.

2.2.2 Estimation of u; — u, When o3 = o3 and the Common
Variance Is Unknown

In this case, it is necessary to use a two-stage procedure to meet
the specification given in (2.2.2), as described:

(i) Take initial samples of size n,(=2) from each of the two
populations.

(ii) Let 53 be the pooled variance of these two samples.

i) Caleul 1 d 2
(1) acuatec—2 I

2
s
(iv) Let n = max{n,, [zp} + 1}.
(v) Take n —n, additional observationi, if necessary, from
each of the two populations. Let X and Y be the two
sample means based on all n observations.

Then X — Y as an estimator of u; — 1, meets the requirement
(2.2.2). See Problem 8 for mathematical details of this procedure.

In Example 2.2.1.1, suppose that the population standard de-
viation for the pulse rate distribution for men and women is
unknown. Independent random samples of size five can be taken
from each of the two populations and let the pulse rates be as
given below:

men 81, 79, 78, 82, 80;
women 77, 76, 78, 79, 77.
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Clearly, s2=1.9. Now,

L] 2—00@1
212306

= 5 L9 +13=21
= mAXY G 004 -t
An additional sample of 16 subjects has to be taken from each sex
group.

C

2.2.3 Estimation of u, — u, When o3 + o3 and the Variances
Are Unknown

Koopmans and Qualis (1971) suggested a two-stage procedure for
this case to meet the requirement (2.2.2), which is described next:

(i) Take first stage independent samples of sizes n,; (=2) and
n,; (=2) from the two populations. Let s%; and s3; be the
two variances of these samples.

(ii) Calculate upper 100/1 — (@/2)% confidence limits on o7
and o3. Let o?, and o3, be these limits.

(iii) Let C =cy+ cnp+ c3n,, be the linear cost function,
where 11, and n,, are the second stage sample sizes from
the two populations. The solutions of n,, and n,, that
minimize C subject to

2
01y O2u
+ —==

=d, (2.2.5)

Za/4
OVIER(DY)

are

_[zasa Jerow + Ver0m 1
}112— d2 \/Cf Ulu + >
1
_ 224 V101, T Ve 09,
Ny = d2 \/—C— Oy, + 1
2

(iv) Let X, and Y, be the two sample means for the second
stage samples.

(2.2.6)
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Then, X, — Y, as an estimator of u; — u, satisfies the require-
ment of (2.2.2).

It may be noted that the required estimator is based on the
means of the second-stage samples only in this procedure.

2.2.4 Estimation of Variance Ratio, o3/d3

Let

—_, if @, is known,
1

n X 2
i=1 n

=53, if p; is unknown;

. (2.2.7)
6= 2 (———iz——, if u, is known;
j=1

n;

=53, if w, is unknown.

Let v;=n; or n;— 1 depending on whether u; is known or not,
i=1,2. A commonly used estimator of o?/o2 is &3/03 and
(01/02)/((7%/02) is distributed as a F-distribution with v»; and
v, degrees of freedom. This fact is denoted by writing
(63/53)/(o3/03) ~ F(vy, vy). In this case, one controls the rela-
tive error by specifying the condition

<G?> <0%)
p o3) \a3

This simplifies to

<r|=1-a. (2.2.8)

P(l-r<F(y,r)<l+n=l-a (2.2.9)

Let H, , (-) be the distribution function of F(v,, v;) variable.
Then (2 2.9) can be rewritten as

H, ,(+rn-H, ,(1-n=1-a (2.2.10)
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Thus,

Theorem 2.2.2 The sample sizes needed to meet the specification
(2.2.8) are solutions satisfying the equation (2.2.10).

One may get an approximate solution of (2.2.10) by noting that
the asymptotic distribution of

1 1/1 1
ElnF(Vl,Vz)_z P

Vv, N
1 (1 1 ) ’
—_ J— + —
2 V1 Vo
is N(0,1). Assuming 1/, is nearly equal to 1/, (2.2.10) can be
asymptotically approximated to the inequality

Z =

(2.2.11)

1 1
—_ _+_ —_ —
2ln 1+r) 2ln(l r)

P} N ——

1/1 1 1/1 1

2\ » 2\ 1
The argument of the second term on the left-hand side of the
equation tends to negative infinity, and the inequality reduces to

zl—-a (2.2.12)

1
Eln (1+7r)
Pz 1-. (2.2.13)
1/1 N 1
2 151 Vo
A solution to the inequality is
1
—2‘ln (1+7r)
=2Z4, (2.2.14)

1 1+1
2V1 Vo

and this is also an approximate solution to the equation (2.2.10).
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Now

141 vy 2 Z,

1 1 1({In(1+r) 2
—+—=—{——} =1 say. (2.2.15)

To get an unique solution for », and v,, consider minimizing the
linear cost function, C = ¢, + c¢;n; + cyn,, which will be conve-
niently written as

ctr=cyy + vy, (2.2.16)

for an appropriate c*. Using the Cauchy-Schwartz inequality

(1 + covy) X (l + —3—2) = (\/c_1 + \/Z;)z, (2.2.17)

4!

one gets minimum c¢*, when

1 c 1 c
Vf=—<1+ —2), V;=;(1+ C—‘) (2.2.18)

2

are solutions of »; and v,. Thus,

Theorem 2.2.3 The approximate sample sizes n; needed to meet
the specification (2.2.8) minimizing the cost function (2.2.16) are
[v¥] + 1 or [vf] + 2, according as w; is known or not, where v¥ are
given in (2.2.18) fori =1, 2.

When ¢, = c,, (2.2.18) simplifies to

IR T 2.2.19
T T  n(+ 0 [ (2.2.19)

Example 2.2.3.1 An industrial engineer is interested in estimat-
ing the ratio of the variances of the thicknesses of microchips
produced by two companies with a maximum relative error rate
of 20% with a probability of 95%. Here, r =0.2, a =0.05, and
one can assume ¢; = ¢, and »; = v,. From Equation (2.2.19),

1.645

R 4{m 1+02)

2
} =325.62
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The sample sizes needed from each population are 326 or 327
depending on whether the means are known or not.

2.2.5 Tests of Hypothesis about u, and p, When o? and o3
Are Known

Consider an a-level test of Hy: u; = w, against the one-sided
alternative H,: p; > .. The critical region for this test is

o P
X-Y>z, [—+—. (2.2.20)
ny R

If a power of 1 — Bis required at w; — u, = 6(>0), n; and n, must
satisfy

- oi o3
P(X—Y>za —+—= ,ul—,u2=6)=1—B. (2.2.21)
n, n;
Thus,
2 2 5 )2
ﬂ+i'—2={ } . 2.2.22)
ny ny z,t+ zg

To get an unique solution to (2.2.22), one takes n; = kn, and gets

nt=kns. (2.2.23)

Thus,

Theorem 2.2.4 The sample sizes n, and n, needed to give a
power of 1 — B at the alternative w, — u, = 6(>0) for an a-level
one-sided test of Hy: py = pu, are [kn3]+ 1 and [n3] + 1, respec-
tively, where n3 is given as in (2.2.23).

A similar result can be obtained for a two-sided test using /2
for a in (2.2.23).
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2.2.6 Tests of Hypothesis about u, and u, When o3 = o3 and
the Common Variance Is Unknown

Consider an a-level test of Hy: u, = u, against the one-sided
alternative H,: u, > u,, based on n observations from each
population. The critical region of the usual #-test is

o 2
X-v> ta(u)s,,\/;, (2.2.24)

where v =2(n — 1) and s} is the pooled variance. By requiring a
power of 1 — 8 when u; — u, = 8, one gets the condition

X-7 2
P( - >ta(V)Sp ”’;

to solve for n. Then, (2.2.25) reduces to

a) =1-8, (2.2.25)

P T(V)>ta(V)———6_2‘ =1-B. (2.2.26)
Sp ;

Approximating s, by o, Equation (2.2.26) gives

n= §+ 1= 2(%) {ta(v) + t(V)P. (2.2.27)

This equation should be solved iteratively for v. Thus,

Theorem 2.2.5 The sample sizes ny=n,=n needed to give a
power of 1 — B when pu; — u> = 8 (>0) for a one-sided a-level test
of Hy: py = pyis (v/2 + 1), where vis the smallest positive even in-
teger satisfying (2.2.27).

The result of Theorem 2.2.5 was suggested by Cochran and
Cox (1957). One needs to use an independent estimate of o or an
upper bound, o,, of o to solve (2.2.27).

Example 2.2.5.1 Aphysicianisinterestedinascertainingwhether
the average pulse rate for males is more than that of females
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using a 0.05 level one-sided test. He wants to detect the differ-
ence with a probability of 0.9, when the difference in the aver-
age pulse rates is three. It is known that the common standard
deviation of pulse rates for the groups does not exceed two. Here,
0,=2,86=3, a=0.05, and B=0.1. Now,

2

Initially, replacing the Student’s ¢ percentiles with standard nor-
mal percentiles, one gets

v 2\?
—+1= 2(§> {t0.05(¥) + 15.10(V)}.

8
v= 2{5(1.645 +1.282)* - 1}

=13.2.
Now take v =14 and find Student’s ¢ percentiles to get

8
v=2{§(1.761 +1.345)2 — 1}

=15.1.

For the next approximation take v =16 and find Student’s ¢
percentiles to get

8
y= 2{5(1.746 +1.337)* - 1} = 14.6.

Thus, v will be taken as 16, and the required common sample size
isn,=n,=9.

An alternative approach to this problem is a two-stage proce-
dure described next:

(i) Take initial samples of size n; from each of the two
populations.
(ii) Let 57, be the pooled variance of these two samples
(iii) Calculate ¢ = (82/2){t,(v) + t5(v)} >, where v=2(n, — 1).
(iv) Let n =max{n,, {s3;/c] + 1}.
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(v) Take n —n; additional observations, if necessary, from
each of the two populations. Let X and Y be the two
sample means based on all n observations.

Then the critical region of an a-level one-sided test of
Hy: p, = p, that gives a power of 1 — B at u; — u, = 8(>0) is

X - ¥>{t2n, - 2ks,, \/% (2.2.28)

For a two-sided test, a similar solution using «/2 for « is
available. For mathematical details of this procedure, refer to
Problem 14 at the end of this monograph.

2.2.7 Tests of Hypothesis about u, and p, When o? * o3
and the Variances Are Unknown

Stein’s (1945) two-stage procedure was extended to a two-sample
case by Chapman (1950). This procedure uses a test statistic,
which is the difference of two independent Student’s ¢ variables
with the same degrees of freedom. Let 7;(v) and T,(v) be two
independent ¢ variables with v degrees of freedom each. Let

M(v)=T(v) — TL(v). (2.2.29)

A short table of the distribution of this variable is given in
Chapman (1950). Let m,(v) be the upper 100p percentile of
M(v).

(ansider the problem of testing Hy: u; = u, against Hy: u, >
W, at « level of significance. Further, let it be desired to get a
power of 1 — B when u; — u; = 8(>0). The following procedure
gives the required test:

(i) Take two independent samples each of size n, from the
two populations. Let 57, and 53, be their sample variances.
(ii) Calculate ¢ = 8*{m,(ny— 1) + mg(n, — 1)} 2.
(i) Let n; = max(ny+ 1, [s3/c] + 1), i=1,2.
(iv) Take n; — n, additional observations from the i”* popula-
tion, i =1, 2.
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2
no(n;c —s;
b.:l 1+ L(——El‘)‘ s
Lo (n; — no)si
1— rl,-—rl b,‘
ai:__(_i, i=1,2.
no
(vi) Let X;, i=1,2,...,n, be the sample on X and let Y},
j=1,2,...,n; be the sample on Y. Let
2% a X+ 2, by X,

T =
1 \/E ’

(v) Let

(2.2.30)

(2.2.31)
T, = 2 aY; + 22 n“+lb2)/]"
Je
The critical region for the required test is
T, — T, >my(nyg—1). (2.2.32)

The two-sided test can be similarly obtained.

2.2.8 Tests of Hypothesis about o? and o3

Continuing the notation of Section 2.2.4, consider an a-level test
of Hy: 0 = o3 against the one-sided alternative H,: o2 > 3. The
critical region of the usual test is

A2

01
2>F1 a(Vl, Vz) (2.2.33)
2

where F,_,(v,, v;) are (1 — a) 100 percentile points of F(V1 , Vs)
distribution. By requiring a power of 1 — 8, when ¢}/03 = A?
(>1), one gets the specification

o2

—= )\2> =1-8, (2.2.34)

6'2
P( >P‘l a(Vl’;VZ)

and the sample sizes are determined satlsfymg it. This condition
leads to

P(F(vl,vZ)> : sF_o(n,p)=1—-8.  (2.2.35)
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Thus,
Fi_ (v, 1) = AZFB(VI s V2). (2.2.36)

This equation should be solved for v; and v,, and the following
result is obtained.

Theorem 2.2.6 The sample sizes needed to give a power of 1 — B
when o}/03 = A}(>1) for an a-level one-sided test of Hy: o1 = o3

are solutions satisfying the Equation (2.2.36).

The solutions of (2.2.36) need not be unique. One gets an
unique solution by imposing a condition such as v; = kv, , or more
specifically, v, = v,.

By approximating the percentiles of F distribution with the
percentilés of a standard normal distribution (cf. Section 2.2.4)
and putting v, = kv,, the solutions of v, and v, are given by

k+1\ [z, + z5\*
V;k=kV;,V;=( - )( IMZ") _ (2.2.37)

Thus, the following is established.

Theorem 2.2.7 The approximate sample sizes n, and n, required
to give a power of 1— B when oi/o3=N(>1) for an a-level
one-sided test of Hy: o= a3 such that v, = kv, are [vf]+1 or
[v¥] + 2 according as w;s are known or not, where vi' are given in
(2.2.37) fori=1, 2.

Example 2.2.7.1 Let o? and o3 be the population variances of
thicknesses of microchips manufactured by two companies, and
an industrial engineer is interested in testing the null hypothesis
H,: 0% = o3 against the one-sided alternative hypothesis o1 > o3
using a 0.05 level test. Furthermore, he wants to detect the
difference with a probability 0.90 when ¢/o3 = 2.25. Further, he
assumes v; = v,. Then from Equation (2.2.37)

(1.645 +1.282
* =k =

2

The required common sample size is 14 or 15 depending on
whether p;s are known or unknown.
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2.3 Sampling from Two Bernoulli Distributions

Let X have a Bernoulli distribution with 6; as probability of
success and let Y also have a Bernoulli distribution with 6, as
success probability. Based on a random sample X, X;,..., X,
on X and an independent random sample Y;,Y,,...,Y, onY,
one may like to test the null hypothesis H: 6, = 6, against the
one-sided alternative H4: 6, > 6, using an « level of significance.
It will be required that this test has a power of 1—f at

Let 01 —2,_1X,-/n1, and 6, =2",Y/n,. An approximate a-
level test has the critical region

{arcsin /8, — arcsin /_}>— /—+i (2.3.1)
ny n;

The power requirement is

1
(arcsm J 6, — arcsin /0 >—— /—+n 6, —6,= 6) =1-28,
ny 2
(2.3.2)
and this requires sample sizes n; and n, to satisfy
1 1 26* )2
— 4 —= , (2.3.3)
ny, np Z,t zg

where 6" =arcsin\/a—arcsin 6,. When 6, and 6, are indi-
vidually given, Equation (2.3.3) can be solved for n; and n,
uniquely using a side condition such as n; = kn,. Since 6, and 6,
are not individually specified, however, one takes the least favor-
able configuration and uses

/ ) / )
6, = arcsin [ 0.50 + 5~ arcsin /0.50 — 2 (2.3.4)

for 8" in (2.3.3). To get an unique solution for (2.3.3), set
n, = kn,. Then one gets the solutions

k+1) (z,+z5)?
n¥ = kni, n;=( p ){25*-3}' (2.3.5)

Thus, the following theorem is proved:
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Theorem 2.3.1 The approximate sample size n, and n, required
for an a-level one-sided test of Hy: 8, = 0, to give a power of
1-Bat 6,— 6,=06(>0) are [nT]+ 1, [n5] + 1, where nf and n3
are given in (2.3.5).

Example 2.3.1.1 A physician is interested in testing the equality
of the response rates of two drugs in curing a disease using a 0.05
level one-sided test. He likes to detect a difference of 6 =0.10
with a probability of 0.90, and he is willing to take n; = n,. Now
from Equation (2.3.4),

6%, = arcsin /0.50 + 0.05 — arcsin /0.50 — 0.05
=(.8355 —0.7353 = 0.1002.
From Equation (2.3.5)
1.645 +1.282
=pr=20—"
2(0.1002)

Thus, he should use 427 patients for each drug.

In this case, one could also use Fisher’s exact test, and the
sample sizes needed in that case are given in Gail and Gart (1973)
and Haseman (1978).

%

n

2
} = 426.66.

2.4 Sampling from Two Exponential Distributions

Let X~ NE(0,6,) and Y~NE(0,6,). A random sample
X1,X5,...,X, of size n; is taken on X, and an independent
random sample Y;,Y,,...,Y, of size n, is taken on Y. Let X
and Y be the respective means. In the following sections, estima-
tion and tests of hypothesis about 6,/6, will be considered.

2.4.1 Estimation of 0,/6,

The usual estimator of 6,/6, is X/Y. In this problem, in con-
trolling the relative error in estimation, one considers the spe-
cification

$r>2] a2 (2.4.1)

P(‘X/Y’) —(61/6,)
(6:/6,)
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Noting that 23, X,/6, ~ x*(2ny), 257, Y;/6, ~ x*(2n,), Equa-
tion (2.4.1) can be written as
P(l1-r=FQn{,2n)<l1+r=1-a, (2.4.2)
or equivalently,
Hap 201+ 7) = Hyy 5, (1-)=1—a. (2.4.3)

The sample sizes have to be calculated iteratively. Thus,

Theorem 2.4.1 The sample sizes needed to meet the specification
(2.4.1) are solutions satisfying the inequality (2.4.3).

Approximating F percentiles with standard normal percentiles
and minimizing the linear cost function C = ¢, + c;n; + cn,,
Equation (2.4.3) can be solved (cf. Section 2.2.4), and the follow-
ing theorem gives the solution.

Theorem 2.4.2 Approximate sample sizes n; needed to meet the

specification (2.4.1) minimizing the linear cost function C = ¢y +
ciny tcon, are [nf] + 1, where

* Za ? 1 \/é
i —{ln(l+r)}< * cl)'
. z, )? cl
ool

2.4.2 Tests of Hypothesis about 6,/6,

(2.4.4)

Consider an a-level test of Hy: 6,/6, =1 against the one-sided
alternative H,: 6,/6,>1. Further, let it be required to have a
power of 1 — B when 6,/6, = A* (>1). The critical region of the
usual test is

X
v > Fi_,(2n,,2n,), (2.4.5)
and the power requirement imposes the condition

X
P(? > Fl—a(znl s 2”2)

L A2> =1-8. (2.4.6)
6,
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Thus,
Fi_o(2n,,2n,) = N*F4(2n,,2n,), (2.4.7)

which needs to be solved iteratively. Hence the following:

Theorem 2.4.3 The sample sizes needed to give a power of
1 - B, where 0,/6,=A(>1) for an a-level one-sided test of
Hy: 6,/6,=1 are solutions satisfying (2.4.7).

To get an unique solution of (2.4.7), one imposes a condition
such as n, = kn,.

By approximating the F percentiles with standard normal per-
centiles, and imposing the condition n, = kn,, the following
theorem can be proved.

Theorem 2.4.4 The approximate sample sizes n, and n, required
to give a power of 1— when 0,/6,=A(>1) for an a-level
one-sided test of Hy: 0,/6,=1 such that n, = kn, are [n}]+1,
i=1,2, where

ny =kns, n3 = m A (2.4.8)

_(k+1) {zﬂ + ZB}Z



Chapter 3 k-Sample Problems

3.1 Introduction

Let X, X,, ..., X; be k independent random variables. Let Fy(x)
be the distribution function of X;, i=1,2,..., k. Further, let
u;= E(X;) and o7=var(X,) fori=1,2,... k.

Based on random samples from these populations, one may
like to estimate all differences of the form w;, — w,; for i * j,
i,j=1,2,..., k. Sometimes one may be interested in comparing
w; with each of the other w;s for i =2,3,..., k. This is the case
when X, is the response variable for a control treatment, and
X, X5, ..., X, are response variables for (k— 1) active treat-
ments under study. The interest then lies in estimating the k — 1
differences, w; — u,, fori=2,3,... k.

In addition, one may like to test the hypotheses H: F; =
F,=---=F, by controlling the power at certain alternatives of
interest. This testing problem will be considered by assuming that
F;s belong to some given parametric families.

41
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3.2 Estimation of Difference of Means

The estimation of differences of means without distributional
assumption and under normality assumption will be discussed in
the following sections.

3.2.1 Estimation without Distributional Assumptions

Let X1, Xi2,...,X;, be a random sample of size n; on X, for
i1=1,2,...,k; and, let

U

Xi.=

Xi 3.2.1
n, (3.2.1)

1

[

]

Then X, — )?]-_ is the commonly used unbiased estimator of
; — p;. Since there are k(k — 1)/2 such differences, one may like
to estimate all the differences with minimum average variance for
the estimators. If A is the average variance of all k(k —1)/2
estimators, then
2 k - -
A _k(k 1) i’]zzlvar(X,-_ X;)
= (3.2.2)

2

é‘: i

»IN

and this will be minimized using the constraint on the linear cost
function

cot 2 cn;=C. (3.2.3)

i=1

Using Cauchy-Schwartz inequality, the following result is
established:

Theorem 3.2.1 The sample sizes n;, which minimize the average
variance A of the estimators of the k(k — 1)/2 differences of the
parameters, p; — u;, subject to a linear cost function (3.2.3) are
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[n1], where
Nl AT (3.2.4)
nf=———=—7, =12,...,k. 2.
ZE Ui\/?ix/gi l
When the interest is only on estimating the (k — 1) differences,
M — py, 1=2,3,...,k; the average variance, A, is given by

1 k _ —
Ap=7 2 var(X; — X,)
k—-15

1 (k—1)0'1 k _,2
_k—l[ g ]

ny

(3.2.5)

Minimizing A, subject to a constraint on the linear cost function
(3.2.3), one gets the following:

Theorem 3.2.2 The sample sizes n;, which minimize the average
variance A, of the estimators of the (k —1) differences of the
parameters, p; — uy, subject to a given cost are [n}]+ 1, where

% _ (C—CO)
" ok = Doy + S0 deg U f
* (€~ co (3.2.6)
= =2,3,...,k.

ni_{UlJ(k_l)C1+2k20f}f i

From this theorem one notes that n%/Jk—1=n%3=...=
ni, when oi=03=---=0}, and ¢;=c,=---=c¢,. In other
words, one takes a larger size sample on X,; compared to the
other samples, when population variances are the same and
the cost of collecting data from each unit is the same for all
populations.

While estimating the k — 1 differences, w; — u,, i=2,3,...,k;
one may minimize the volume of the confidence elhp501d based
on the estimators, X; — X, . This is accomplished by minimizing
the generalized variance of the estimators X; — X, . This gener-
alized variance, V, is given by

2 2 2

g O3 Ok
V =det J +D—,—,...,— 3.2.7
e( k—1.k—1 D<n2 1y Wik))’ ( )



44 k-Sample Problems

where J, _; 4 _; is a (k— 1) X (k—1) matrix of all ones, and
D(.,.,...,.) is a diagonal matrix of its arguments. On sim-
plification,

Tngn
SNIF

1
V== (3.2.8)
=
i=1 ‘712
By assuming o =03=:--=0z and ¢;=c,="---=¢, One can

minimize V subject to the constraint on the cost function to get
the following:

Theorem 3.2.3 Whenoi=03=---=o0sandc,=c, ="+ =c¢g,
the generalized variance of X, — X, , i=2,3,...,k is mini-
mized subject to a given cost, if ny=n,=---=ny, and the com-

mon value, n, is [n*] + 1, where

C — Cgp
*

nt=—— 329
ke, (3.2.9)

3.2.2  Estimation under Normality Assumption

Let X;~ N(u;,0%),i=1,2,..., k. One may like to estimate all
the k(k —1)/2 differences, u;— p;, simultaneously controlling
the absolute error. This specification can be expressed as

P((X; - X;)—(m—w)|sd, 1<i<j<k)=1-a, (3.2.10)

for given positive d and a. Assuming equal sample sizes
ni=n,=---=n,=n and o’ known, n is determined to satisfy
(3.2.10). This condition can be rewritten as

n
P([Z,-—Zjlsd /?,lsi<jsk)>l —a, (3.2.11)

where Z,= (X, —w)/(o/Vn), i=1,2,...,k are independent
N(0, 1) variables. To satisfy the condition (3.2.11), one needs

P<Zmux—zmin$d l%)zl - Q. (3212)
g
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n
d /yzq;:,m, (3.2.13)

where ¢§ - is the upper « percentile of the range of k independent
N(0, 1) variables, tabulated by Harter (1960). Solving (3.2.13),
for n, one gets

Thus,

a 2
n* = {”qd"**} . (3.2.14)

Thus, the following theorem:

Theorem 3.2.4 The common sample sizes required from each
population to control absolute errors specified by Equa-
tion (3.2.10) are [n*] + 1, where n* is given in (3.2.14).

If the interest centers on estimating the k — 1 differences,
W — 1, to control the absolute errors, the common sample
size n has to be chosen to satisfy the condition

P((X, - X)) - (i —w)|sd,2<i<k)=1-a; (3.2.15)
that is,

P(max |(Z,~—Zl)[/\/§\s8\/;’—;—2)21—a. (3.2.16)

2=i=k

This can be accomplished by choosing

5 - =d|3 3.2.17
20_2 k—1ge> ( . )

where |d|%_ ;.. is the upper 100a percentile of the distribution
of the variable

max {|Z,— Z,|/ J2} (3.2.18)
2=k
and are tabulated by Dunnett (1955). Solving (3.2.17) for n,

d a " 2
n* = 2{””%} . (3.2.19)
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Hence the following:

Theorem 3.2.5 The common sample size n required to control
absolute errors specified by (3.2.15) is [n*] + 1, when n* is given
by (3.2.19).

When o is unknown, one may have to use a Stein-type two-
stage procedure analogous to the one discussed in Section 2.2
(see Problems 17 and 18).

3.3 Sampling from Normal Distributions

Let X;~ N(u;,0%),fori=1,2,... k. Let X;, X;5,...,X;, bea
random sample on X;,i =1,2,...,k. Let the k samples be inde-
pendent. In this case, one will usually be interested to test the null
hypothesis

Hyr py=pp === iy (3.3.1)
against the alternative
H ,: not all u; are equal, (3.3.2)

assuming o is unknown.

Let X, and s? be the i"" sample mean and variance and let s, be
the pooled variance. The critical region for the test is

F* = SEndX - X))’
(k —1)s?

where n=3%_,n; and X _ =3k_ n;,X,/n. One likes to deter-
mine the sample sizes such that the test has a power of at least
1— B when w;=uf, fori=1,2,...,k for given w’. Under the
alternative hypothesis w,=pn*, i=1,2,...,k, F* is distributed
as a noncentral F variable with (k—1) and (n — k) degrees of
freedom, having the noncentrality parameter ¢ given by

>F_(k—1,n-k), (3.3.3)

2{;1 ni(”';k - ﬂ'*)z
ko’ ’

b= (3.3.4)
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where

itk (3.3.5)
1 n

M =

ar =

!

This distribution will be denoted by F(k —1,n ~ k; ¢). Then
the power requirement is

P(F*>F,_ (k—1,n—k)=1-B, (3.3.6)

where F* ~ F(k — 1,n — k; ¢). The equation can be rewritten as
k k

F1_8<k_1,2 n,-—k,d))BF]_a(k—l,z n,-—k), (33.7)
i=1 i=1

where Fi_g (., .,.) is (1 — B) 100 percentile of noncentral distribu-
tion, and this equation has to be solved to determine n,s. To get a
unique solution to this problem, one may assume n; = u;m for
prechosen constants u; based on the cost and other consider-
ations, determine m and then find the required sample sizes. For
the special case ny=n,=---=n,=m, Equation (3.3.7) re-
duces to

Fi_glk = 1,k(m* = 1);¢) = F,_,(k — 1, k(m* = 1)). (3.3.8)

This equation can be solved with the help of power curves of F
test (see Pearson and Hartley (1951), Odeh and Fox (1975)).
Now,

Theorem 3.3.1 The common sample size m for an a-level test of
Ho: py = po == py is [m*] + 1, where m* is the smallest posi-
tive integer satisfying (3.3.8).

The main difficulty encompassed in finding sample sizes is the
specification of w}* and calculating the noncentrality parameter ¢.
This ¢ contains the nuisance parameter o?. Guenther (1977)
noted that if u* are expressed as percentiles of a normal distribu-
tion with mean w, then ¢ will be free from the nuisance param-
eter o, This approach will be discussed in Example 3.3.1.1.
Alternatively, one may desire to detect a difference of at least A
between two means. Since the power of the F test is an increasing
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function of ¢, one can minimize ¢ such that the difference be-
tween two means is A. This can be achieved by taking two of the
wi's at A distance apart and the remaining u/'s to be equal to the
average of those two means. The resulting smallest ¢, dpin, is

m A

2k o’
By specifying A/ o, ¢, is a function of m, and the sample sizes are
determined from the power curves by iteration. Sample sizes can be
determined, however, when «, 1 — B and A/ are specified, from

the tables given by Bowman and Kastenbaum (1975). Example
3.3.1.2 illustrates this approach.

d’min = (339)

Example 3.3.1.1 Threebrands A, B, and C of antacid tablets are
to be compared for equality of mean dissolving times using a 0.05
level test. The investigator wants a power of 0.90 to detect the
difference when the mean dissolving times of B and C are 40th and
60th percentiles of the distribution of the antacid A. Here
BT = pul, p3 = pf —z40=pf — 025330, pi =pi +z40=pf +
0.25330. Now i* = u} and ¢ =0.2068 /m. The numerator de-
grees of freedom for the F test is v; =2 and as m is unknown,
initially the denominator degrees of freedom will be taken as
v, = . Looking at the Pearson—Hartley (1951) tables of power
function, one determines ¢ = 2.05. Equating the two ¢ values,
m = 98.27. The initial approximation for m is 99. Then v, = 294.
Again v, can be taken as %, and thus m =99. In this problem,
99 determinations are needed on each of the three antacids.

Example 3.3.1.2 Again, suppose in the previous antacid prob-
lem, the researcher wants to detect a difference of at least 0.506 in
o units with a power of 0.90 using a 0.05 level test. Entering the
tables of Bowman and Kastenbaum (1975) with A/o = 0.506,
a=0.05, and 8=0.1, one gets m = 100. The researcher should
take 100 determinations on each of the antacids.

An approximation to the required common sample size, under
the setting of Example 3.3.1.2. is (¢f. Schwertman (1987)) [m™*] + 1,
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where

m* =2{/x_(k—1)—(k—2) + 23}2(;1) (3.3.10)

Using this formula, the common sample size needed in the ant-
acid problem of Example 3.3.1.2 is 97.

By approximating noncentral F distribution with central F dis-
tribution with nonintegral degrees of freedom, Guenther (1979)
gave a method for determining the sample sizes.

Instead of using an F test, one can use the range test when o is
known, and the studentized range test when o is unknown. To
ensure minimum power over a class of alternatives, when o? is
unknown, one can consider a two-stage sampling scheme and
base the test on the sample means and s!z, (based on first stage
samples). The details about this test are given in Hochberg and
Lachenbruch (1976).

3.4 Sampling from Bernoulli Distributions

Let X; be distributed as a Bernoulli variable with 6, as the
parameter,i=1,2,..,k. Let X;;, Xj5, ..., X,, be arandom sam-
ple on X;, i=1,2,.., k. Let the k samples be independent. The
null hypothesis of interest in this case is

H(): 0] = 02 == Bk, (341)
or equivalently,
Hy: 1= dy=-= ¢, (3.4.2)

where ¢;=2 arcsin 6;, i=1,2,...,k. The null hypothesis
(3.4.2) can be rewritten as

Hy: 3 (= )*=0, (3.4.3)

where ¢ is the average of ¢;s. A commonly used estimator of

& is
&, =2 arcsin (\/X—’,;), (3.4.4)
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whereA)_(,-. is the mean of the sample on X;,i=1,2, ..., k. Noting
that ¢; is approximately distributed as N(¢;, 1/n;), the critical
region for an approximate a-level test of H, given in (3.4.3) is

k x
U=2 n(di= ) >xi-a(k—1), (3.4.5)
where =
% Ezkzl ”i‘lgi
i — 34,
¢ i (3.4.6)
If one requires a power of at least 1 — 8 when ¢, = ¢F, i=
1,2,...,k, the sample sizes n;s will be determined such that
PU>xi_ ok = 1)|¢=¢f)=1-B. (3.4.7)

When ¢, = ¢/, i=1,2,...,k, the distribution of the random
variable U is a noncentral xy? with k — 1 degrees of freedom and
the noncentrality parameter A given by

A= \/E n($f — *)°, (3.4.8)
where
Tk _ E;‘=1”i¢?‘
¢ —_—Ef;lni . (3.4.9)

Denoting a noncentral y? variable with kK — 1 degrees of freedom
and noncentrality parameter A by x*(k—1;1), (3.4.7) can be
rewritten as

POCPtk=1;0)>xiak—1))=1-8,  (3.4.10)
and consequently,
Xi-pk = 1;) = xi_,(k - 1), (3.4.11)

where xi_g(.;.) is 100 (1 — B) percentile of a noncentral y* dis-
tribution, can be solved for A using noncentral x° tables, and
sample sizes can be determined from that A value. Thus,

Theorem 3.4.1 The sample sizesn,, n,, ..., n, foran a-level test
of Hy: 6,=6,=---=6, are smallest integer values satisfy-
ing (3.4.11).
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In general, specifying individual ¢; values may not be feasible.
One likes to detect a difference of at least A among the ¢; values.
In terms of A, the minimum value of A, when n;,=n,=---=

ne =m, is
AJm
—

Amin -

(3.4.12)

Now m will be determined so that (3.4.11) is satisfied for
A= Anin- The following example illustrates this method.

Example 3.4.1 let k=3, a=0.05 and 1 — 8=0.90. From the
table prepared by Haynam et al. (1973), the A-value satisfying
(3.4.10) is 12.654. Using this A-value in (3.4.12), the equation
that gives the m-value is
2(12.654)?
m=—y
320.2474
a
It may be noted that the largest value of A is =, so that the
minimum common sample size is 320.2474/ 72 = 32.4, that is, 33.

3.5 Sampling from One-Parameter Exponential Distributions

Let 'the distribution of X; be the one-parameter (negative) ex-
ponential distribution with mean 6;,i=1,2,...,k. Let X,
Xi, ..., Xin, be a random sample on X;,i=1,2,...,k. The null
hypothesis of interest is

HO: 0]:02:"'=0k, (351)
or equivalently,
Hy: == = ¢y, (3-5-2)

where ¢,=In6;, i=1,2,... k. Let X, be the mean of the
sample of size n; on X;, i=1,2,...,k. The maximum likelihood
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estimator of ¢; is
é:;=InX,, i=1,2,... k. (3.5.3)

The critical region of an approximate a-level test of Hj given in
(3.5.2) 1s

k
g (B — ) > x2_o(k = 1), (3.5.4)
where
$ - E’kl b, (3.5.5)
If one requires that the power is at least 1 — 8 when ¢, = ¢},
i=1,2,...,k, the sample sizes n;s will be determined so that
P(V>xialk—1)] = ¢)=1-8. (3.5.0)

The distribution of the random variable V under the alternative
hypothesis can be approximated by a noncentral x* with k — 1
degrees of freedom and noncentrality parameter A given by

k
3 (9 = $°) (35.7)
where
e Zie g
= (3.5.8)

Using the notation of Section 3.4, the requirement (3.5.6) can be
rewritten as

POtk = 1;0)> xi_o(k—1))=1-8, (3.5.9)
that is,
xi-plk = 1;2) = xi_o(k - 1), (3.5.10)

which can be solved for A, and the sample sizes are then deter-
mined. Now,



3.5 Sampling from One-Parameter Exponential Distributions 53

Theorem 3.5.1 The sample sizes ny, n,, ..., n, for an a-level test
of Hy: 6,=0,="---= 06, are the smallest integer values satisfy-
ing (3.5.10).

As in Section 3.4, if one likes to detect a difference of at least
A among the ¢; values, the minimum value of A, when n, =
n2=---=nk:m’ iS
m
Amin =4[5 (3.5.11)
2
Now m will be determined so that (3.5.9) is satisfied for A = A, ,
using the noncentral y? tables.



Chapter 4 Power and Sample Size

4.1 Introduction

In the earlier chapters, sample sizes for tests of hypotheses
were determined by controlling the power of the test at a speci-
fied alternative. However, the sample sizes thus determined may
be large. Thus, the experimenter wants to examine the power
function in order to decide upon a suitable sample size, which is a
compromise between the costs and the power of the test.

In this chapter the power functions of the #-test, chi-square test
and F-test will be derived. Some important properties of these
functions will be mentioned.

When the experimenter is interested in estimating some
parameters, and if the sample size determined by the methods
discussed earlier 1s not feasible for experimentation, he can tabu-
late the bounds on absolute (d*) or relative (r*) errors for vari-
ous sample sizes and can decide the suitable sample size for the
experiment.

55
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4.2 Noncentral ¢-Distribution

Let X be a N(u, 1) variable and Y be a y*(v) variable. Further, let
X and V be independent. The distribution of the variable

X

NG7Eh (4.2.1)

is called a noncentral r-distribution with v degrees of freedom and
noncentrality parameter w. The random variables with this dis-
tribution will be denoted by T(v; n). It may be noted that this
distribution reduces to the (central) t-distribution when w = 0.
It can be shown that the density function of the noncentral

t-distribution is
jtv+1
F : _
S

e—;f/2 x AV
flp,v)= ——V E (t,u ;) f2\(i+v+1)/2e (4.2.2)
=

M1+—
14

The distribution function of T can be written as

P(T<t)= L @(r\/%— ,u)g(y) dy, (4.2.3)

where ®(+) is the distribution function of the N(0, 1) variable, and
g(+) is the density function of y*(») variable. From (4.2.3) it is
seen that the distribution function of T decreases as w increases.

Now the power function of the -test considered in the earlier
chapters will be expressed in terms of the distribution function of
this noncentral ¢-distribution, and the next two sections will be
devoted to this discussion.

4.2.1 Power Function of the One-Sample t-Test

The critical region of an a-level test of Hy: u = u, against the
alternative H,: u > uo, where w is the mean of a normal distribu-
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tion, 18

S

X> Mo+ ta(v)<\/;>, (4.2.4)

where X and s? are the mean and variance of a sample of size n
and v=n — 1. The power function of this test is
s

(13 V)=P(Y >uo+ta(V)<\/;> M,UZ)

X—,U«o)/\/%

s_2 'gf\ >t (v)|v, o
/)
= P(T(v;A) > 1,(v)),

where A = (u — o) \/;/o. For fixed @ and v from the monotonic-
ity property of the distribution function of T(v;A) variable, one
notes that the power function of this ¢-test increases with A, It
may be noted that the power function depends on the nuisance
parameter o~.

Let w,> u, be two values of w in the set {u|u > uo} specified

by the alternative hypothesis. Then

m(o;v) > mi(py; v) > mpos v) = a (4.2.6)

In other words, if the power at = u, is set at 1 — 3, then the
power at u = u, is greater than 1 — B. Thus it is sufficient to
control the power at some specified alternative w,, where u; is
the smallest value that is judged to be so different from u by the
investigator. This observation is the motivating factor in deter-
mining the sample sizes by controlling the power of an a-level test
at a specified alternative hypothesis.

Due to budgetary and other constraints, it may not be feasible
for the experimenter to use the sample size determined. In such
cases, one may like to examine the power of the test for other
sample sizes. Such an examination will enable the experimenter
to decide upon the appropriate sample size making a compromise

(
=P (4.2.5)
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between the power at the specified alternative and other con-
straints. For the chosen sample size, one may like to know what
type of differences in the mean can be detected at the prechosen
power 1 — B. This difference can be found by solving m( u; v) =
1— B for w.

Now consider the problem of testing Hy: u = uo against the
two-sided alternative H,: u # uo. The critical region of the usual
a-level test is

| X = pol > ta/Z(V)(ﬁ)' (4.2.7)

The power function of this test using ¢ for ¢, ,,(v) is
m(u;v) = P(|T(v;8)| > 1)
=P(T(v;A)>0)+ P(T(v;A)< —1)

=1—Jx<l)<t\/;;—A)g(y)dy
+Jx®<—t\/§—A)g(y)dy
=2—Jx {@(z\/g—A)+q)(t\/§+ A)}g(y)dy, (4.2.8)

from (4.2.3). It can be seen that the power at A is same as the
power at —A. By examining the derivative of (4.2.8) with respect
to A, it can be seen that the power function increases with |A[, and
the earlier discussion for the one-sided test is valid here also.

4.2.2 Power Function of the Two-Sample t-Test

The critical region of the usual a-level test of Hy: u; = u, against
the one-sided alternative H,: u, >u,, where u; and u, are the
means of two normal distributions with common unknown

variance o2, is
_ (1 1
X, —Xo>t,(v) [sptl—+ |, (4.2.9)
n, n;
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v being ny + n, — 2. The power function of this test depends on

/1 1 i1 1 .
([J,l—[J,z)/{O’ -’:l‘l—+n—2}=5/{0’ n—+n—2}=Aandls
m(8; v) = P(T(v;A) >t,(v)). (4.2.10)

This is an increasing function of & and also depends on o

Further,
(855 v) > m(81; v) > m(0; v) = a, for 6,>68,>0. (4.2.11)
Thus it is sufficient to control the power at 8 = §;, where §; is a

value so that w; and u, + 8, are considered so different by the

investigator.
The power function for the two-sided #-test can be easily deter-
mined, and the monotone properties can be derived easily.

4.3 Noncentral yZ-Distribution
Let X;, X,,...,X, be k independent random variables and

X;~N(u;,1), i=1,2,...,k. The distribution of the random
variable

M~

w=3 X7 (4.3.1)

i=1

is called a noncentral chi-square distribution with k degrees of
freedom and noncentrality parameter 7= /=% u7. The random
variable with this distribution will be denoted by x?(k; 7). When
w;=0,i=1,2,....k, a noncentral y*(k; 7) variable becomes a
central y2(k) variable. It can be shown that the density function
of a noncentral y*(k; ) variable is

—wtT)/2 = K/

flwsk,7)= k72

;
fﬂﬁ(§+0fw

and that the distribution function of W is a decreasing function of
7 ([see Alam and Rizvi (1967))).

(4.3.2)

’
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Consider the problem of testing the equalities of the means of k
independent NE(0, 6;) variables. The power function of the test
suggested in Section 3.5 is

a(Ak— 1) =P(x(k— 1A >xi_o(k—1)), (4.3.3)

where A is defined by (3.5.7). This is an increasing function of A.
The power depends on the specification 6/, of the means in the
alternative hypothesis, only through A. It may be noted that the
A-value for two sets of means 67 and r6*, i=1,2,...,k for a
positive r are same. Hence, the power at these two sets of means
are same. In other words, the power depends on the ratios such
as 6,/6,, j=2,3,...,k. Further, when n, =n,=---=n, =
(m, say),
k * * 12

)\2 — mz (d)z* _ 5*)2 > rn{d)max2 d)mm} ’ (434)

i=1

where ¢ =In 6} and ¢* ==X, ¢ /k. Now,

rﬂ;ax— :;ﬁn 2 m erﬂ;mx 2
A= m{i—z?—} = ?{ ln(;—)} . (4.3.5)

It may be easy for the experimenter to specify the largest ratio of
the means he wanted to detect in the experiment and in such
cases A, can be calculated from (4.3.5), and the power at Ay, 1s
controlled at 1 — B to determine the common sample size.

When it is not feasible to run the experiment with the deter-
mined sample sizes, for other values of the sample sizes, the
A-values can be determined from which the largest ratio of the
means that could be detected by the test can be obtained. From
such an analysis, the experimenter can decide a compromise
sample size.

4.4 Noncentral F-Distribution
Let W and V be independent random variables such that
W ~ x%(v1; 7) and V ~ x?(v,). The distribution of the variable

_ (W/v)

U=

(4.4.1)
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is called the noncentral F-distribution with »; and v, degrees
of freedom and the noncentrality parameter 7. The random vari-
able with this distribution will be denoted by F(»;, v,; 7). When
7=0, the noncentral F-distribution reduces to the central
F-distribution. The density function of a noncentral F-distribution
is known to be

fluy vy, vy, 1) = Vle_TZ/z - (72/2)j(V1u/V2)(V‘/z)ﬂ—l
sV, V2, wl'(v2/2) S ST ((1/2) + )

I'((y + 1)/2 +7)
(1+ (v 1)) @797

(4.4.2)

It can be shown that the distribution function of U is a decreasing
function of 7.

Consider the problem of testing the equality of the means of k
independent N(g;, o) variables (See Section 3.3). The power of
the F test is

m(dk—1l,n—k)=P(F(k—-1,n—k;¢)>F _,(k—1,n—-k)),
(4.4.3)

where ¢ is given by (3.3.4). This power is an increasing function
of ¢. At any specified alternative uf, u3,...,u5, the power
depends on them only through ¢. When ny=n,=---=n, (=m
say) then

m & 2
—k— g IIL )>2k 2{lu'max I'me} (444)

where @* =3k, u#/k. If one specifies the largest difference in
the means to be detected by the test, ¢, can be calculated and
the power at ¢,;, is controlled at 1 — 3 to determine the common
sample size.

If the determined sample size is not convenient to be used in
the study, the experimenter can find ¢ for other choices of sample
sizes and determine the largest differences that can be detected by
the test. From such an analysis, the appropriate sample size can
be decided by the experimenter.



Samples from Finite
Chapter 5 Populations

5.1 Introduction

While sampling from finite populations, the investigator is in-
terested mainly in estimating the population parameters such as
mean, total and proportion. Usually the tests of hypothesis are
not of much interest here. The methodology discussed in Chap-
ters 1, 2 and 3 in estimating the parameters is not applicable in
this situation because the exact distribution of the estimators are
generally unknown. One notes that controlling absolute error or
relative error in estimation can be achieved by controlling the
variance or coefficient of variation of the estimator (See Problem
one of the Problems and Supplements section of this mono-
graph). In this chapter, the variance of the estimator will be
controlled, and the required sample sizes are determined.

5.2 Simple Random Sampling

Consider a population of size N from which a simple random
sample of size n is drawn, without replacement. Let ¥ be the

63
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sample mean and let X and S? be the population mean and
variance. When the response variable is dichotomous taking the
values O or 1, ¥ and X will be denoted by p and P, respectively. In
this case, S = NPQ/(N — 1), where Q =1— P.

It is known that

Var(x) = (NN_H”> s?. (5.2.1)

By imposing the restraint,
Var(x) s V*, (5.2.2)

for a prechosen V*, n is determined to satisfy this inequality. The
required 7 is

NS?

BS—Z';——N—‘/—*:I'I N (523)

n
and the following is established.

Theorem 5.2.1 The sample size n, required with the specification
(5.2.2) while random sampling without replacement from a finite
population of size N is [n*] + 1, where n* is given in (5.2.3).

Prior information on $? is needed to determine the sample size
using Theorem 5.2.1. Such information can be obtained from
(a) previous studies, or (b) pilot surveys. If the prior information
on §7 is of doubtful validity, one may use a two-stage procedure
as described next:

i) Take an initial sample of size n,(>2). Calculate si, the
p 1 1
variance of this sample. s{ is an unbiased estimator of $-.

(i) Calculate

(5.2.4)
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(iii) Take n — n, additional observations, if necessary. The
sample mean X based on all n observations is the required
estimator of X.

For details of this procedure, see Cochran (1977) and Cox
(1952).

Example 5.2.1.1 In a survey aimed at estimating the average
number of working persons in a household in a community of
N = 10,000 households, it is assumed that $* = 36 based on a pilot
study. The required sample size with V* = (0.25)% is

[ 10000(36)

+ 1 =545.
36 + (10000)(0.25)2]
When the response variable is dichotomous taking values 0 or
1, the expression for n* of Equation (5.2.3) becomes
N

e (5.2.5)
L N-DV

PQ
Since P is usually unknown, and is somewhat difficult to guess as

the parameter being estimated is P itself, a conservative approach
is to take P = 4. Thus,

n

Theorem 5.2.2 The sample size n required to estimate a popula-
tion proportion p such that Var (p) < V* is [n{§s] + 1, where n}; is
given by (5.2.5).

Example 5.2.2.1 Consider a community with N = 10,000 reg-
istered voters. To estimate the proportion of votes cast in favor of
candidate A, with V* = (0.025)?, the required sample size at an
exit poll is

[10,000/{1 + (9,999)(0.000625)/((0.5)(0.5))}] + 1 = 385.

In the following section, determination of sample size in the
context of acceptance sampling will be discussed.
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5.2.1 Acceptance Sampling

The population of interest consists of N manufactured items of
which D = NP are defective. Thus, the remaining N — D = NQ
items are good. Usually D is not known. On the basis of a sample
of size n, one likes to test the null hypothesis Hy: D = D, against
the alternative H,: D > Dy. An a-level test of this Hy has critical
region

Y>e, (5.2.6)

where Y is the number of defective items in the sample. and a
positive integer c¢ is determined such that

(Do> ( N- D())
min(Do.n) _
—————-y S y =

>

y=c+1 N
n

If one desires to have a power of no less than 1 — B8when D = D,
(>D,), the requirement is

=)
min(D1.n) y n—y

>

y=c+1 N
n

Equations (5.2.7) and (5.2.8) should be solved for n. The prob-
abilities used in (5.2.7) and (5.2.8) are based on hypergeometric
distribution and are tabulated by Lieberman and Owen (1961).
An approximate solution for this problem was considered by
Guenther (1977).

One can approximate the distribution of Y by N(nP, nPQ) and
get the following result.

(5.2.7)

>1-8. (5.2.8)

Theorem 5.2.3 An approximation to the sample size n required
for an a-level test of Hy: D = Dy, against the one-sided alternative
Hi: D> Dy to give a power of at least 1 — 8 when D = D (> D)
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is [n*] + 1, where n* is given by

e {za,/DO(N— Do) + 25/ D\(N = D))

D,~Dy) } o (5.2.9)

Example 5.2.3.1 A purchaser bought a lot of 100 items. He can
accept the lot if it has at most five defectives, and he likes to
definitely reject the lot with a high probability if it has 20 or more
defectives. This acceptance problem can be formulated as testing
Hy: D =5, against H,: D >5. Suppose the purchaser wants to
use a 0.05 level test with a power of 0.90 at D =20. Thus,
N=100, Dy=5, D; =20, a=0.05 and 8= 0.10, and from Equa-
tion (5.2.9),

e {(1.645)(./5(95)) + (1.282)(‘/20(80))}2

(20 - 5)

=33.74.

The sample size needed for this problem is 34. To implement this
plan, one notes that the lot is rejected, if the number of defectives
in the sample of 34 items is more than four, a number derived
from Equation (5.2.7).

5.3 Stratified Random Sampling

Consider a population that is stratified into L strata. The A"
strata is of size N, and has population variances S;, for h =1,
2,...,L. If the experimenter takes a stratified random sample
of size n, it is necessary to decide the allocation of this total
size n among the strata. Let n, be the sample size allocated to
strata h, h=1,2,..., L.

Let X be the population mean. Let X, be the sample mean
from the A'™ stratum. It is then known that

& N,

X =
1 N

(5.3.1)

%
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where N = Eﬁfl N, is the total population size, is an unbiased
estimator of X . Further

Si

~ 1 L
Var(X) = e h21 Nu(N, — np) - (5.3.2)
= h

The allocation of the total sample size into the strata is called
proportional allocation if

nNh
Mh= TN (5.3.3)
and in that case
S N-n L
VarProp(X) = 7v—2n_ hE NhS% . (534)
=1

If one wants to control this variance by imposing the condition,
Varpo,(X) < V*, (5.3.5)

then the required total sample size n is [n*] + 1, where n* is
given by
Sk NLSS
n* = Nj 2h1th 21"
VEN2+ 3L N,S2
Thus the following:

(5.3.6)

Theorem 5.3.1 Under proportional allocation, the total sample
size needed to satisfy the condition (5.3.5) is [n*]|+1, where n* is
given by the Equation (5.3.6). Further, the sample size for the h"'
stratum is [n*n, /N + 1, forh=1,2,... L.

Instead of using the proportional allocation, one may like to
use the optimum allocation such that Var(X ) is minimum subject
to a cost constraint using a linear cost function

L

cot 2 cpnp=C; (5.3.7)

h=1

the required n;, values can be derived from Cauchy-Schwartz



5.4 Double Sampling for Stratification 69

inequality after approximating N, — n,, by N, in (5.3.2) and are
given below:

Theorem 5.3.2 The ny-values that minimize Var()? ) subject to

the cost constraint (5.3.7) are [nj] + 1, for h=1,2,...,L, where

n; are

(€ - CO)NhSh/\/C—h
Sho i NSk Ven

Similar results can be easily obtained when one is estimating
the population proportions.

n = h=1,2,...,L (5.3.8)

5.4 Double Sampling for Stratification

Consider a stratified population where there are L strata, and
the total population size N is divided into these strata of sizes N,
N,,...,N,.. However, the investigator has no knowledge of
these strata sizes. In that case, initially a simple random sample of
size n' can be taken and based on this sample, the investigator can
estimate the strata sizes by Nnj,/n', h=1,2,...,L, where n}, is
the number of units in this first sample falling in stratum 4. Now a
second phase sample of n,= v;,n}, units are randomly drawn from
the n), units selected in the first phase. If X, is the mean of the
second phase A" stratum sample, then the population mean X is
estimated by

5 M 54.1
X=3—%, (5-4.1)
h=1H1

and an approximate Var()? ) is given by

Var()?):s2<l l)+§N”S’2'(i—1), (5.4.2)

n' N h=1 Nn, vy

where S$? is the population variance of all N units, and S7 is the

population variance of the A™ stratum, A=1,2,... L (cf.
Cochran (1977), p. 328). Using a cost function
L

C=cot+c'n'+ 2 cpny, (5.4.3)
P

=1
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one notes by Cauchy-Schwartz inequality that Var()%) given in
(5.4.2) is minimized for a given expected cost

L
N
E(C)=cy+c'n' +n' ), chuhﬁh= *, (5.4.4)
h=1

T

The first phase sample size n’ can now be found by substitution
for v, from (5.4.5) in (5.4.4) and is [n’'*] + 1, where

when

L
n'*= {C* - Co}/{c, + 2 CthNh/N}. (546)
h=1
Thus the following:

Theorem 5.4.1 The approximate size of the initial simple ran-
dom sample in a double sampling for stratification problem is
[n'*] + 1, where n'* is given by (5.4.6). If nj, of the initial phase
units belong to stratum h, the number of units selected in the
second phase from stratum h is [n,v,] + 1, where v, is given by
(5.4.5).

The double sampling (or two-phase sampling) discussed in this
section is different from the two-stage procedures discussed in
Section 5.2. In a two-stage procedure, the second stage sample is
taken from the remaining population, while in double sampling,
the second phase sample is a subset of the first phase sample.

5.5 Two-Stage Cluster Sampling

Let the population consist of N clusters (also known as primary
sampling units) and let M, be the number of subunits (also known
as second-stage units) in the i'* cluster, i=1,2,...,N. Let
Y, be the response on the j™ second-stage unit within the i
cluster. Let Y, =M Y, Y, = Y,/M,, Y=3X,Y,,Y=Y/N, §2,=
M (Y; — Y))?/(M; — 1). Here Y is the i cluster total response,
Y is the total response of all clusters, Y; is the mean of second-
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stage unit responses in the i'" cluster, and Y is the mean cluster
response. Further, $2. is the variance of the second-stage unit
responses within the i* cluster.

A sample of n clusters with probabilities proportional to z; are
selected with replacement. Within the i'" selected cluster, a sam-
ple of m; second-stage units will be selected by using a random
sampling scheme without replacement. Let y; be the sample mean
of the second stage unit responses in the ith sampled cluster,

i=1,2,...,n. Then it is well known that
Ly " Ml—l
y=3 22 (5.5.1)
i=1 hz;

is an unbiased estimator of Y, the population total. The variance
of Y is given by

Var(Y) = l[v+2 Mz(i—i)si,,], (5.5.2)

i=1Zi m,; Ml

where

Y; 2
=2 z,-<~f’— Y) , (5.5.3)
(cf. Cochran (1977), p. 307). Let ¢, be the fixed cost, ¢, be the
variable cost to sample the cluster, ¢, be the variable cost to list
second-stage units in a selected cluster, and c; be the variable cost
to sample each second-stage unit. Then the total cost of the
survey is C=cytcn+c 2L M+ c3 2", m;, and its expecta-
tion is given by
N N
E(C)—c0+c1n+c2n22M +en X zm;. (5.5.4)

i=1 i=1

Now for a fixed expected cost, C*, of the survey, by Cauchy-
Schwartz inequality, Var(Y) is minimized, when

\/n(cl + C2i=21 Z,'Mi> “\/ (V % sz )

1 M2
Jesnzm; <

nzm

(5.5.5)
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From (5.5.5) it follows that

MiSwi
N MS2 \/Cl + 0225\;1 Z,-M,- (556)
O w e .

Substituting the m;* values in the right-hand side of (5.5.4) and
equating to C*, n* can be obtained. Thus the following:

Theorem 5.5.1 In a two-stage cluster sampling, where the clus-
ters are selected with replacement and with probabilities pro-
portional to z;, the variance given in (5.5.2) of the estimator Y is
minimized by taking [m}]+ 1 second stage units from the ‘"
selected cluster, where m{ is given by (5.5.6). The number of
clusters to be selected is [n*] + 1, where

Cc* - Cop

n* = - , (5.5.7)

N
ate 2 ziM +ey Y zimf

i=1 i=1

C* being the specified total expected cost.

A special case of this setting when the values of the relevant
design parameters, the variance ratio and cost ratio are not
known exactly but can be assumed to be within some specific
range, was considered by Sadooghi-Alvandi (1986).



Chapter 6 Ranking and Selection

6.1 Introduction

Suppose there are k populations m,, 7>, ..., m. Let 6, be an un-
known parameter associated with the population =;, 1,2,..., k.
The ordered values of 6s are

and it is unknown to which population 6, belongs, i=1,
2,..., k. The investigator wants to identify the population that
corresponds to 6, (or 6)). This population of interest will be
called the best population. Now one takes independent samples
from these populations of common size n and uses the appropri-
ate estimators of s, to select the best population. The problem
is to determine the common sample size so that the best popula-
tion is selected with high probability.

In the following sections, results are obtained for normal,
Bernoulli and exponential populations.

73
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6.2 Selecting the Best Normal Distribution

The distribution of the observations from the population 7; is
N(pi, of), i=1,2,...,k. Assuming o?=¢3=.--=g7, the
problem of selecting the population with largest mean will be
considered first. Next, the problem of selecting the population

with smallest variance will be considered.

6.2.1 Selecting the Normal Distribution with the
Largest Mean When the Common
Variance o* Is Known

Let X; be the mean of the sample of size n from m;, i=1,
2,..., k. The ordered sample means are

XysXpgs- <Xy (6.2.1)

The selection rule is to choose the population corresponding to
the largest sample mean A_’[k]. When there are ties for largest
mean, they should be broken at random. One likes to choose the
common sample size n such that the probability of a correct
selection (cs) is at least P*, whenever wu— py 1= 8%, for
specified positive §*. One can correctly choose the best popula-
tion by random selection with a probability of 1/k. In order to do
better than the random selection in developing a procedure, it is
assumed that P* > 1/k. If X ; is the mean of the sample from the
population with the parameter uj;;, i=1,2,...,k, then

P(CS)=P(X([()>X_(,'),i=1,2,...,k_1). (6.2.2)

Since this probability depends on wyy, 2], - - -, Mg, Which
are unknown, the requirement on # is satisfied if

min P(cs) = P*, (6.2.3)

where the minimum is over all parameter values such that u; —
Mik - 1= 0%,
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The probability of (6.2.2) can be rewritten as

(X = M) S (X = mpp) + (g — Bixp)
0_ b

Jn Jn

P(cs)=P

-p Zk>Zi—("—“‘](_rﬂ, i=1,2,... k-1
Jn
é*yn

aP(zk>z,.—( (;/—),i=1,2,...,k—1>, (6.2.4)

where the Z;s are independent N(0,1) variables. Thus the re-
quirement (6.2.3) will be met by choosing n so as to satisfy

J* CI)k'l(x+ (8*(;/71>>¢(x)dx>P*, (6.2.5)

where ¢(+) is the density function of the N(0, 1) variable. Hence
n must be chosen so that

Ao \?
n 2(3;) =n*, (6.2.6)

where A is the solution of

Jm %1 (x + A)(x) dx = P*. (6.2.7)

These A-values have been tabulated by Bechhofer (1954) and
Desu and Sobel (1968) for various k and P* values. Thus, the
following is established.

Theorem 6.2.1 The common sample size n required for selecting
the normal distribution with the largest mean so that the P(cs) = P*
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whenever g — pp-1= 6%, is [n*]+ 1, where n* is given by
(6.2.6).

Example 6.2.1.1 Let k=3, P*=0.99, ¢=50 and 6" =25.
From tables the A-value is 3.62; so

50)2
n*=1(3.60) 5 =52.42.

Thus, the required sample size is 53.

6.2.2 Selecting the Normal Distribution with the Largest Mean
When the Common Variance o Is Unknown

In this case one may use a two-stage procedure as described next.

(i) Take independent first stage samples of same arbitrary
size n; from each one of the k populations. Let s] be the
pooled estimator of the common variance.

(ii) Let n=max {n,,[2s3(h/6*)*] + 1}, where h is from the
table prepared by Bechhofer et al. (1954).

(iii)) Take n —n; additional observations, if necessary, from
each one of the k populations.

(iv) Let X, be the mean of all n observations from r;,
i=1,2,...,k. Select the population corresponding to
maximum X ;.

6.2.3 Selecting the Normal Distribution with the Smallest

Variance
Let X;1,X:is,..., X, be a random sample of size n from m;,
i=1,2,..., k. A commonly used estimator of o7is
2 (X, — X, )2, if w; is unknown,
’nl = (6.2.8)
=2 %ﬂ, if p; is known.
j=1

In this context it will be assumed that all the & means are either
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known or unknown. The ordered values of 67 are
6'[21]s6'[22]s"'s6'[2k] (62.9)

The selection rule is to choose the population corresponding to
Er[z]], the smallest estimated variance. As before, one wants to
choose the common sample size n such that the probability of a
correct selection is at least P*, whenever (ofy/ofi) = r*, where
o? e of) <"+ <ofy are the ordered values of the populatron
variances, and P*(>1/k) and r*(>1) are specified positive con-
stants. If ;) is the varrance estimator from the population with
the parameter cr[,], =1,2,...,k, then

As in Section 6.2.1, the requirement on # is satisfied if
min P(cs) = P*, (6.2.11)

where the minimum is over all parameter values 0[22] Zr*cr[z”.
The probability of (6.2.10) is

P(cs)=P< =<5 ,i=2,3,...,k>

= POA(F)<x3(f) r*, i=2,3,...,k), (6.2.12)

where f =n—1 or n depending on whether all means are un-
known or all means are known, and x7(f) are mdependent
chi-square random variables. Thus, the requirement (6.2.11) is

met when
x K\ \ k1
J (1 - Gf(r—*)) gr(x)dx = P*, (6.2.13)

0

where G and g are the distribution and density functions of the
chi-square distribution with f degrees of freedom. Now f will be
determined to satisfy (6.2.13), and such an f can be obtained from
the tables of Gupta and Sobel (1962). From the f-value, the
sample size n is determined as f+ 1 or f depending on whether
all means are unknown or all means are known.

An approximation to the f-value satisfying (6.2.13) can be
obtained using the suggestion of Gupta and Sobel (1962). They
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suggest that the distribution of In y*( f) can be approximated by
N(Inf, 2/f) distribution. Using this approximation for evaluating
the probability bound of (6.2.12), the constraint (6.2.13) can be
modified as

f p—¢G—J§mﬂﬂk}uyu>Pt (6.2.14)

which is the same as

Jx CI>"”<x+\/§lnr*)¢(x)dx?P*. (6.2.15)

Thus f must be chosen so that

In r*

A 2
f>2( ) = f*, (6.2.16)

where A is the solution of (6.2.7). Hence the following:

Theorem 6.2.2 The common sample size required for selecting
the normal distribution with the smallest variance so that the
P(cs)= P* whenever 0’[21] <r* 0'[7'2] is f+1 or f depending on
whether all means are unknown or known, where f is the smallest
positive integer satisfying (6.2.13). An approximation to the com-
mon sample size n is [ f*|+2 or [ f*] + 1, where f* is given by
(6.2.16).

Example 6.2.2.1 Letk =3, P*=0.99, r*=1.5. Assume that the
three means are unknown. Here A = 3.62 so that

*—23§32—1w4
fr= In1.5/ 7

Thus, an approximation to n, the required sample size is 161.

6.3 Selecting the Best Bernoulli Distribution

The observations from m; follow the Bernoulli distribution with
the probability function

f(x;0)=0:(1-6)" *, x=0,1, (6.3.1)
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for i=1,2,...,k. The problem is the selection of the best
population, which has the largest value for 6.

Let 6; be the mean of the sample of size n from m;, =
1,2,...,k. The ordered values of 9,- are

>

- (6.3.2)

The selection procedure is to select the population associated
with 6. If there are ties for the largest §-value, they must be

broken at random. As in the case of normal distributions, one
likes to choose the common sample size, n, such that P(cs) = P*
whenever 6y — 6, -1} = 6%, where

01y < O <+ - < Gy (6.3.3)

are the ordered 6-values, and 6* and P* are positive constants.
Further, P* > 1/k. The requirement on # is satisfied if

min P(cs) = P*, (6.3.4)

where the minimum is over all parameter values such that
6x) ~ O« —1) = 8™. The minimum of P(cs) can be approximated by

P(arcsin / 9(k) > arcsin /0,

i= 1,2, .. ,k_ 1|0[1] == 0[1(_1] = O[k] - 8*), (635)
where 9(,-) is the mean of the sample from the population with the
parameter 6, i=1,2,...,k. The minimum of this probability
occurs when 8=+ = 0,1, = (1 — 8*)/2 and 0 = (1 + 6*)/2.

Now the common sample size is chosen so that this minimum
probability is at least P*. The minimum probability is computed

by using the approximate normal distribution of arcsin V.
Thus, 7 is to be chosen so that

r OF N (x + A* JAn)d(x) dx = P*, (6.3.6)

A* = i 1+8—* in [1_& 6.3.7
= arcsin_[5+ == —arcsin_ /2 5 (6.3.7)

where
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This leads to

A 2
n 2(2&) (6.3.8)

where A is the solution of (6.2.7). Thus, the following is
established.

Theorem 6.3.1 An approximation to the common sample size n,
required to select the best Bernoulli distribution so that P(cs) = P*
whenever 6 — 0y—1)=06% is [n*]+1, where n* is given by
(6.3.8).

Example 6.3.1.1 let k=3, P*=0.99, and 6*=0.10. Then
A=3.62, A*=arcsin /0.55 — arcsin /0.45 =0.14, and

o (202 2—16715
T T\ 2004)) T

Thus, the approximate required common sample size is 168.

6.4 Selecting the Best Exponential Distribution

The distribution of the observations from m; is the NE(0, ;) with
the density function

1
f(x;6) =0—e_"/9', x>0 (6.4.1)
fori=1,2,..., k. The population associated with the largest 6, is
the best population. Let the ordered 6-values be
Let X, be the mean of the sample of size n from m;, i=1,
2,...,k. The ordered sample means are

As before, the selection rule is to choose the population corres-
ponding to X 4. If there are ties to the largest value of X, ties are
broken at random. The problem is to determine the common
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sample size n such that P(cs)=P* whenever (0jq/0p-1))=>
r*(>1). If X ;) is the mean of the sample from the population with
the parameter 0, i=1,2,...,k, then

The n is chosen so that the minimum of P(cs) is at least P*. In
other words, n is chosen so that

J GE 7 (xr*)gan(x) dx = P*, (6.4.5)
0

where Gy and g are the distribution and the density functions of
the x>-distribution with f degrees of freedom. This n-value can be
obtained from the table of Gupta (1963).

An approximation to the n-value that satisfies (6.4.5) can be
derived as in Section 6.2.3 and is

A \2
n2< ) =n*, (6.4.6)

Inr*

where A is the solution of (6.2.7). Thus the following result:

Theorem 6.4.1 The common sample size required to select the
best exponential distribution so that P(cs)= P*, whenever
(Bx)/ Ox—17) =r* is the smallest positive integer n satisfying
(6.4.5). An approximation to this value is [n*] + 1, where n* is
given by (6.4.6).

Example 6.4.1.1 Let k=3, P*=0.99, r*=1.5. Here A=3.62
and n* = (3.62/In1.5)> =79.7. Thus an approximation to the re-
quired sample size is 80.



Biomedical Experiments
Chapter 7 and Clinical Trials

7.1 Introduction

In clinical trials as well as in some biomedical experiments, the
sample size determination is usually posed in relation to tests of
hypotheses. However, in these experiments data collection is
associated with special problems. Patients may drop out of the
study; animals may die due to unknown causes. These factors
lead to a certain incompleteness in the observations from some
experimental units. The methodology developed in earlier chap-
ters tacitly assumed that the observations are complete. As such
in the present context, new techniques are needed. Further, some
special experimental setups that were not considered earlier will
be discussed here. The two sections deal with discrete and con-
tinuous data situations.

7.2 Experiments with Qualitative Response Variable

Here experiments that are undertaken with a view to compare the
effects of two treatments will be considered. Further, the re-
sponse variable is a qualitative one. The possible values are finite

83
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and when there are only two values, they are coded as 0 and 1.
The basic null hypothesis is that the two treatments are equally
effective. Tests with prescribed a level will be given, and sample
sizes will be determined so that these tests have prescribed power
at given alternatives.

7.2.1 McNemar’s Test
Consider the following two types of experimental settings:

(i) n matched pairs of experimental units (humans, animals,
etc.) are included in the experiment. One unit in each pair is
randomly assigned to treatment A and the other to treatment B.
For each unit 0 — 1 response is noted.

(ii) Each of the n experimental units are given both treatments
A and B. Randomly chosen #; units are given the treatment
sequence A followed by B and the remaining n — n; units are
given the treatment sequence B followed by A. Such experiments
are known as cross-over or change-over designs. A 0 — 1 response
is noted for each subject under each treatment. An adequate rest
period between the treatments should be used so that carry-over
effects are washed out.

In both of these settings the results can be summarized in terms
of n;;, where n;; is the number of pairs (or units) with response i
for A and j for B, i, j =0, 1. The summary table is the following:

Treatment B
0 1

Treatment A
1 Ny N

The cell frequencies n;; follow a multinomial distribution with
parameters 6;, {,j = 0, 1; and n. The null hypothesis of interest is
that the two treatments are equally effective, that is,

Ho: 0,9+ 6,1 = 6y + 611, (7.2.1)
or equivalently,
Hy: 6,9 = 601, (7.2.2)
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and the alternative hypothesis is H,: 6,0 > 6,;. In such experi-
ments, one treatment is usually the standard or control, whereas
the other is the experimental treatment which is expected to
perform better than the standard. It is natural to consider the test
with the critical region

n n

0%, (7.2.3)

n n
where the constant c is chosen so that the test is an a-level test.
Thus, ¢ must satisty

P(nlo_n01>cn’H0)Sa. (724)

Let $ =nqyo+ ngy, so that nyg— ny; = 2(n;o — S/2). Further, the
conditional distribution of n,q given § is the binomial distribution
with parameters S and 6,o/(6;0 + 601) = 610/, say. The condi-
tion (7.2.4) will be met if

p S - cn
N 77 o
for each value of S. This in turn can be approximately satisfied by

choosing cn/2 = z,./(S/4) when n is large Thus, an approximate
a-level test is given by the critical region

>§+ S 7.2.6
LT 5 Za 4 ( )

Now if one wants to control the power at 1 — 8 for 6,y — 6y, =
5* >0, n must be chosen so that

P >S+ S
nyo > Za 4

The probability on the left side of (7.2.7) can be approximated as
follows:

Esp(nlo >—+ Za \/7‘ 01() - 0()1 = 6*> (728)
i N TR B |

S,H0> <a (7.2.5)

01() - 0()] = 6*> = 1 - B (727)
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by approximating the conditional binomial distribution of ng,
given S, with a normal distribution. This expression in turn can be
approximated by

ot 5

(7.2.9)

Where EI(S) = E(S|910 - 901 = 8*) = n(910 + 901) = nl/l. By equat'
ing the approximate power given in (7.2.9) to 1 — 3, the equa-
tion that gives an approximation to n satisfying (7.2.7) is

nl//(———el—o) = Ing= -z, 910(1—%/9>n, (7.2.10)

which is the same as

In@2010— )=z, S+ 2 /4910(1——5) (7.2.11)

simplifying to

\/; *=Za\/—lZ+ZB /4913/901
ey (BT

It may be noted that one also needs to specify ¢ in order to solve
(7.2.12) for n. Thus the following results:

(7.2.12)

Theorem 7.2.1 An approximate sample size needed for an
approximate o-level one sided test of Hy: 6, = 6y, with a power
of 1 — Bat 6,y— 6y, = 8*(>0) and 6,5+ 6y = Y is [n*] + 1, where
n* satisfies (7.2.12).

Consider the following example:

Example 7.2.1.1 A cardiologist is interested in testing new
heart medication (A) against a standard drug (B) in controlling
angina. He chooses n matched pairs of individuals and in each
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pair randomly assigns treatments A and B to individual patients.
Cross-over designs with wash-out period is not practical here as
the patient cannot be left untreated for any specific period. The
responses noted were no angina (1) and angina on at least one
occasion (0) over a one-week period. He expects ¢y=0.5 and
wants to use a 0.05 level one-sided test to establish that the
medication A controls angina better than medication B. If he
wishes to have a power of 0.9, when 8* = 0.1, the required »n from
(7.2.12) is

‘[1.645\/63+ 1.282‘/(0.6)(0.4)/0.5}2
"=

0.1

+1=421.

Thus he needs 421 matched pairs of patients for the study.

It may be noted that the approximation considered in Theo-
rem 7.2.1 was given by Lachin (1981). This was also derived by
Lee et al. (1984) using a slightly different approach. Sample size
tables based on the unconditional power function are given by
Schork and Williams (1980). This problem was also considered
by Connor (1987), who gave an alternative approximation to
the sample size.

When the alternative hypothesis is two sided, that is, Hj:
0,9 F 6y, , the critical region for the usual McNemar’s test is

_ (nyo— ”01)2
(n10+ no1)

In order to control the power at 1—f for the alternative
| 610 — 601| = 6*, one needs to choose n so that

T > x3_.(1). (7.2.13)

P(T> x3 .(1)]|8%)=1-B. (7.2.14)
Under this alternative T ~ x*(1,A), where
A=E(T)-1
né*?  §*2 (7.2.15)
i

Thus the condition (7.2.14) can be viewed as

P(X*(1;4)> xi-o(1))=1-8. (7.2.16)
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From the table of noncentral y*-distribution, one can determine
the required n. Approximating the distribution of

+ 2A?
S22 A —\/2(v+ G o

v
Z =

7.2.17
v+ 2A ( )

v+ A?

by N(0, 1) distribution, an approximation to n satisfying (7.2.16)
is [n*] + 1, where

i 1
n* :E (Za/2+ZB)2+E. (7.2.18)

Thus,

Theorem 7.2.2 An approximate sample size needed for an a-
level test of Hy: 0,9 = 6y, against the alternative H,: 6,5 # 6y,
with a power of 1— B, at |6,0— 6y,| = 6* and = 6,,+ 6, is
[n*] + 1, where n* is given by (7.2.18).

Example 7.2.2.1 For a two-sided test with specifications as
given in Example 7.2.1.1, one gets

oo 00 06+ 1.280) + -
=0 ‘ 0.5

=527.5

Thus, the required number of matched pairs for this test are 528.
The problem of bioequivalence with 0 — 1 response variable

was considered by Dunnett and Gent (1977), and the necessary

sample size discussion was given by Rodary et al. (1989).

7.2.2  Testing Equality of t Treatment Effects with
¢ Categorical Responses

Consider an experiment with r treatments, where n; subjects
receive the " treatment, i=1,2,...,r. The response variable
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can take c values. Let n =3/_yn;, and Q;=n;/n, i=1,2,...,r.
The data can be summarized in a r X ¢ table:

Response Categories

1 2 e j e c Total
1 ny 13P) e n; e R hy
o1 1 (%) e ny; e Ry hay
Treatments
i nj np n;’j ne n;
r nn nyp nrj Ny n,

where n;; is the number of subjects with j" response category
who received i'" treatment, i =1,2,...,r;j=1,2,...,c. Let 0;;
be the probability of getting ;™ response under treatment i,
i=1,2,...,rj=1,2,...,c,s0 that {_; 6;;=1 for every i. The
null hypothesis of interest is that all treatments have the same
effect, that is,

H(): 0,~=aj, j=1,2,...,cf0r each i. (72.19)

Letting &; = 3/_, n,;;/n, the critical region of the usual x>-test of
HO 1S

A \2
(n; — n,&)

T=2

i i

> xi_.(v), (7.2.20)

where v = (r — 1)(c — 1). If one wants to have a power of 1 — 8 at
the alternative set of parameters ;= 0;;=a;+ §;;, for spe-
cified §;;, the sample sizes are to be chosen so that

P(T>xi_.(v)|6)=1-8. (7.2.21)

jo

Under the alternative, T will be approximately a noncentral
x*-variable with v degrees of freedom and the noncentrality
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parameter A [cf. Lachin (1977)], where

1
A= nz; ; {Z; Qi6i2j - (2 Qi5ij)2}, forr=2,c¢=2,
j
8, — 85)°
=nQ1Q2{2j M}, forr=2,c=2, (7.2.22)

&
(2:0:6,)

n{ IQI i1 al(l—a])}’forr 2,C 2

The noncentrality parameter (7.2.22) can be obtained by putting
E(n,-j) = n,-B;-]-, E(&]) = q; + Ein,-ﬁ,-j/n in the numerator and &] =
in the denominator of T of (7.2.20). Thus, from (7.2.21), one gets

P(X2(n, A)> x2_.(v) =1- B. (7.2.23)

Using the noncentral y? distribution tables, for given {a;} and
{8;}, the required sample sizes n; can be determined.
The previous ideas will now be illustrated.

Example 7.2.2.1 Consider an experiment planned to test the
equally effective hypothesis for four treatments with dichotomous
responses using a 0.05 level test. The experimenter wants to have
a power of 0.90 to detect the differences when

1 =0.55, @)= 0.45
0y =0.45, 6 =0.55
=050, 6 =0.50
92‘] = 050, 92‘2 - 050,

and he wants to use n; = n, = n3; = ny = m, so that n = 4m. From
the noncentral y° table of Haynam et al. (1973), the noncentrality
for a y? with 3 d.f., @ = .05 and power = 0.9, is 12.654 and from
(7.2.22) it is .02m. Thus,

.02m =12.654
m = 632.7.
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A total of 2532 subjects are needed for this experiment in which
each treatment is administered on 633 patients.

An approximation to the required sample size can be obtained
by using the normal approximation as outlined in Section 7.2.1.

7.2.3 Long-Term Trials

Here the sample sizes are determined when a control treatment
and an experimental treatment are compared over a long period
of time for an event rate. Due to the long duration of study, some
subjects may leave the study due to various reasons. The problem
is to determine the sample size for testing the equality of event
rates controlling the power at a given alternative. This problem
was discussed in Chapter 2 without considering the possibility of
dropout of subjects from the study. If R is the expected drop-out
rate, and if » is the common sample size calculated assuming no
drop-outs, the recommended sample size required with drop-
outs, n,, [see Lachin (1981)] is

_ n
T (1-R)”

For further discussion on long-term trials, the interested reader
is referred to Halperin et al. (1968), Wu et al. (1980), and Lakatos
(1986).

ng

(7.2.24)

7.2.4 Case Control Studies

In case-control studies, individuals with a particular condition or
disease (the cases) and individuals without the condition or dis-
ease (the controls) are compared for studying the effect of risk
factors relevant to the development of the condition or disease
under study. In this section, studies of one risk factor
where stratification using levels of a confounding variable are
considered.

The data in the ™ stratum (j=1,2,...,J) based on the
level of the confounding variable can be presented in the
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following table:

Risk group Case Control Total
Exposed a; b; my;
Not exposed ¢ d; my;
Total nlj ny;j n/'

Let n=3/_,n;,t;=n;/n, and s;=ny;/n;. Thus, t; denotes the
relative size of the j'" stratum and s; denotes the proportion of
cases in the j™ stratum. Let m; and m,; be the probabilities with
which the individuals are exposed to the risk in the case and con-
trol groups, respectively, in the j‘h stratum, j=1,2,...,J. Then
the well-known odds ratio between exposure and disease in stra-
tum j is

7T1}'
1= 1.
9,=(——l’), j=1,2,...,J. (7.2.25)
7T2}'
1- 77'2;')
It is assumed that 6, = 6, = - - - = 6;(=6), and the problem is to

test the null hypothesis H,: 6 =1 against the alternative hypoth-
esis Hy: 0>1. This null hypothesis is equivalent to ;= m;,
j=1,2,...,J. One estimates m;; and m; by pij=a;/ny;, and
P2j = bj/ny;, respectively. The test statistic suggested by Cochran
(1954) for this problem is

S iw(py—p2))
Co=2 Py _Pa) (7.2.26)
° 3liwpa,
where

W = "2
Tong+ony
v (7.2.27)
__hyPytRgpy; — _
P/:%, qg;=1-p;.
J
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Under Hy, C is asymptotically distributed as a N(0, 1) variable,
and hence the critical region for an a-level test is

Co>z,. (7.2.28)

Under H,, m;> m,;, for at least one j, the variable

31 wil(py; — pyy) = (mj = my)}
\/2}!=1 wf{mi(l — my) T Gl 772;')}

v R

C=

(7.2.29)

is asymptotically distributed as N(0, 1).
Now if one wants to control the power at 1 — 8 for 6= 6* (>1),
the sample size n must be chosen such that

P(Cy>z,16*)=1-8. (7.2.30)
For every j, my;, m,; are related to 6* through the equation

_ 772}0*

(7.2.31)

Tr]j B 1- 7sz + 7sz0*.
Usually there will be prior knowledge on {,}, which combined
with the specified 8* value, determines {m;} values. For such
configuration of {;} values, Equation (7.2.30) in conjunction
with asymptotic normal distribution of the variable C yields

Zo Zls WG — Ty wiamy — )

nyj R

1-®

=1-B. (71.2.32)

Since p; and g; are unobserved random variables, they will be
replaced by their expectations 7; = s;my; + (1 —5;) 7;and 1 — 77,
respectively. Thus, the requirement (7.2.32) implies

Za\/zle w; (1 - 7Trj) - 2f=1 wi(m; — 772;') _

\/2}!=1 wf{mf(l - 771;') n 7sz(1 - 772;')}

ny; nzj

~z5. (7.2.33)

For pre-chosen design parameters {5,-} and {;}, the equation can
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be rewritten in terms of » and can be solved for n. The solution is
[Za\/E'jI:] t]s](l - S])’I_T](l - 7_T])
¥ — t2zgy Elefjsj(l - sj){(l - sj)771j(1 - 7T]j) + Sﬂsz(l - sz)}]z
[Ef=1 ts; (1 —s;)(my; — 7sz)]2-

(7.2.34)

The required sample size is [#*] + 1. For an example and further
discussion on this problem, the reader is referred to Woolson
et al. (1986).

Sample size determination with more than one risk factor in a
case-control study was given by Rao (1986).

7.2.5 Two-Stage Designs

In clinical trials the data are usually reviewed at least once before
the completion of the study. In this review, one can reach a
decision whether to continue or terminate the study. This process
leads to designing two-stage testing procedures of the following
types:

(1) At stage one a definite conclusion is reached whether to
reject or retain the formulated null hypothesis, and if no
decision can be reached because of inadequate evidence,
continue to stage two to reach a decision.

(2) At stage one retain H, and terminate the study, or reject
H, and continue to stage two to enhance the evidence for
the decision.

Such two-stage procedures using dichotomous response variables
were recently studied by Case et al. (1987); and Thall et al.
(1988). Two-stage procedures for testing the effectiveness of
several treatments and selecting the best treatment was consi-
dered by Thall et al. (1988).

7.3 Experiments with Quantitative Response Variable

In this section, comparative experiments where the response is a
quantitative variable will be considered. This discussion includes
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the bioequivalence problem and design of clinical trials for com-
parison of survival distributions.

7.3.1 Testing for Bioequivalence

Let ug and ug be the mean values of a measure of biological
activity for the experimental and standard formulations of a drug.
The two formulations are considered to be bioequivalent if
A < pg— ns< B for specified constants A and B. An experiment
with n subjects on each formulation is to be designed, so that the
data will be used to test the hypothesis of bioequivalence. This
problem is formulated as testing the null hypothesis

H(): M’E_M’SgA or }LE—}LS?B (731)
against the alternative hypothesis

The mathematical problem to be resolved is the determination of
n, so that one can construct an a-level test having an appropriate
power of 1 — B. The response variable is assumed to follow a
normal distribution with variance o.

Let Xz and X be the sample means. The test statistic proposed
by Anderson and Hauck (1983) is

1
Xp-Xs=5(A+B)
T= , (7.3.3)

where s2 is the pooled estimator of o2 based on v=2(n—1)
degrees of freedom. The statistic 7 has a noncentral ¢ distribution
with v degrees of freedom and noncentrality parameter

A:{}LE—}LS—%(A'*-B)}/{O’\/%}. (7.3.4)

The critical region of the test is

IT|<C, (7.3.5)
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where ¢ can be determined such that
P(T|<clug— ps=A)=P(T|<c|pg— ps=B) = a. (7.3.6)

Since determination of ¢ so that the test has size « is difficult, it
is suggested to compute the p-value and draw appropriate con-
clusions about equivalence. An approximation to the p-value at

e — ms= B is

p= Fu(|Tobs’ - d) - Fu(_ITObS| - d)a (737)
where
B—A
d= : (7.3.8)
5 |2
Sp n

and F,(+) is the distribution function of T(v) distribution. Thus
the formulations will be declared as bioequivalent if p < a.

The power calculation is somewhat simpler when up — ug=
(A + B)/2. So the power at this configuration is equated to
1 - B, and the common sample size is determined. In other
words, n i1s chosen so that

A+ B

— )= 1-g8. (7.3.9)
This will be satisfied if ¢ =tg,,(v), the upper 100(8/2) percen-
tile of the T(v) distribution. However, ¢ must also satisfy the
condition,

P(|T1<cm5—m=

P(T<sclug—pus=B,0)—P(T<—c|lug— us=B,0) = a.
(7.3.10)

Using the fact that ¢ =1tg,,(v), Equation (7.3.10) can be re-
written as

P(T(r,A)) < 1p5(v)) = P(T(n.A)) < —1g5(v) = @, (7.3.11)
where A, =1/2 (B— A)/{o/2/n}, v=2 (n—1). Solving this
equation iteratively for A; = A;, and then » is obtained as

8Aig?

(—m, (7.3.12)

A=

where &7 is a prior estimate of o
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Approximating the noncentral ¢ distribution by central distribu-
tion and ignoring the second term on the left-hand side, Equation
(7.3.11) simplifies to

B—-A
P T(v)stﬁ/z(v)—g—z) =a. (7.3.13)
20\/:
n
This equation is satisfied when
8(t + t,(v))*o?
_8(tg(1) + tu(0)0 7310

(B-A?

where v=2(n — 1). One can solve this equation iteratively to get
the final solution n*. An approximation to the required sample
size is [n*] + 1. Thus,

Theorem 7.3.1 An approximation to the common sample size
for an a-level test of Hy: pug — us<A or ug — us = B against the
alternative H,: A <pup— us< B, giving a power of 1—f at
weg—ps=(A+ B)/2 is [n*]+1, where n* is the solution of
(7.3.14).

Note that (t5/,(v) + t,(v)) in (7.3.14) is an approximation to A,
given in (7.3.12).

Example 7.3.1.1 Consider the example discussed by Anderson
and Hauck (1983), in which A =10g0.75=-0.12494, B=
log 1.25 = 0.09691, 0> = 0.012, o = 0.05 and 1 — 8 = 0.80. Initially
choosing v =,

_ 8(1.282 +1.645)*(0.012)

~(0.09691 + 0.12494)?
Now take v=2(16.71 — 1) =31.42 =32 and compute the right-
hand side expression of (7.3.14) to get n = 17.57. A reasonable

approximation to nis [17.57] + 1 = 18, which was also given in the
cited reference.

=16.71.

7.3.2 Two Period, Two Treatment, Crossover Study

A commonly used experimental setting in clinical trials is the
crossover design. A brief reference to this study with 0—1
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response variable was made in Section 7.2.1. A detailed dis-
cussion of this design with a continuous response variable will be
undertaken here.

Let A and B be two treatments administered on 2n randomly
selected subjects. The 2n subjects will be randomly divided into
two groups of n each. The treatment sequence A followed by B
will be tested on each subject of the first group, and the sequence
B followed by A will be tested on each subject of the second
group. The experimental setup will then appear as the following:

Subjects
Periods 1 2 n n+1 n+2 2n
I A A A B B B
II B B B A A A

Let Y« be the response in the k'h perxod on the j " subject in the

b sequence; i=1,2;j=1,2,...,n; k 1,2. Let ,u,,p,, iy Ois Vi
and e;ix denote the general mean, i' perxod effect, i'" treatment
direct effect, i'" treatment residual effect, j subject effect in the
i™™ sequence and random errors, respectively. Now the usual

model is
Yiji=utpty+7atey

You=ptp+ vt 1eten
(7.3.15)
Yijo=utprtyjt+ratoste;

Y2]2 M+P2+')’2]+7A+8B+62;2, j:1,2,...,n

It is of interest to determine the common sample size by control-
ling the power of an a-level test of Hy: 74 = 75. To this end, it is
assumed that 8, = dp, that is, the residual effects of both treat-
ments are same. Let Z;=Y;; - Y;»;i=1,2;j=1,2,...,n. A
test of Hy: 74 = 75 is equivalent to the two-sample problem in
relation to the two independent samples {Z;;} and {Z,;}.
Making the distributional assumption that e, are indepen-
dently and normally distributed with mean zero and variance o2,
y; are mdependently and normally distributed with mean zero
and variance o2, and e;x and y; are independently distributed,
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H,: 7, = 15 can be tested by the two-sample r-test. Following a
similar argument as in Section 2.2.6, one gets

Theorem 7.3.2 The common sample size n needed to give a
power of 1 — B when |14 — 15| = A (>0) for a two-sided, a-level
test of Hy: 74 = 1gis (v/2 + 1), where v is the smallest positive even
integer satisfying

Y, 220 + (1)

=3 X (7.3.16)

For a one-sided test, replace a/2 by a in (7.3.16).

Suppose the normality assumption on e;; and y;; is not valid.
Then the equality of the direct treatment effects can be tested
by the Wilcoxon two-sample test, and an approximation to the
common sample size can be determined following the work of
Noether (1987).

7.3.3  Clinical Trials for Comparison of Survival Distributions

Clinical trials undertaken to compare the survival under two
treatments have the following format. After the start of the study,
there is an accrual period during which patients enter the trial and
are randomly assigned to the treatments. The accrual period will
be followed by a period called the “follow-up period” during
which patients will be under observation. In these studies, times
for some critical events such as death (which will be referred to as
death times) for some patients are not observed and are said to be
censored. In general, censoring may come about in two ways:
(1) during both accrual and follow-up periods, patients may be
lost to follow-up or leave the study; (2) patients may still be alive
at the termination of the study. The design of such clinical trials
consists of determining the length of the trial required to obtain
a desired power for an a-level test, where the survival distribu-
tions, accrual rate, follow-up period and rate of loss to follow-up
are specified. The problem of finding the sample size in this set-
ting reduces to that of determining the trial length with given
specifications.
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The following discussion is based on the work of Rubinstein
et al. (1981). The design problem mentioned earlier is solved
bv making the following assumptions:

(1) During the accrual period of T years, patients enter the
trial according to a Poisson process with the rate “a” per
year. It is equally likely for each patient to receive the
control or experimental treatment. The follow-up period is
of 7 additional years.

(2) The death times are independent with common exponen-
tial distribution for each treatment. The hazard rates for
the control and experimental treatment are A, and A,,
respectively.

(3) The times from entry to “loss to follow-up” are indepen-
dent, and they are independent of the entry times as well as
of death times. These times follow exponential distribution
with rate ¢, for the control group and ¢, for experimental

group.
The null hypothesis to be tested is
Hy: A = A, (7.3.17)
against the alternative hypothesis
Hy: A > A,. (7.3.18)

The accrual period length T'is determined so that the usual test of
H,yin (7.3.17) has power 1 — B at the alternative A, = r*A., where
r*>1.

Let D. and D, be the numbers of deaths in the two treatment
groups. Further let 7; and T, be the total time at risk (sum of sur-
vival times and censored times) for the control and experi-
mental groups, respectively. The test is based on the estimators

i i =D
6_7;7 8_7;‘ (73.19)
An approximate distribution of In A, is N(In A;, 1/D)), i=c,e.
Using this asymptotic distribution, the critical region of the test is

l&> 1+1 7.3.20
&) VD "D (7:3.20)
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The power requirement mentioned after Equation (7.3.18) can
be written as

l *
1-® Z“_—_lm_l -1-8, (7.3.21)
_+_
D. D,
and hence
(Inr*)? B 1 N 1 7322
(za+zB)2_Dc De‘ ( o )

Since the study is being designed, D. and D, are unobserved
random variables. Replacing D, and D, by their expected values in
(7.3.22), one gets

(Inr*)> 1 N 1
(za+25° E(D) E(D)
It can be shown that [c¢f. Rubinstein ez al. (1981), Appendix]

(7.3.23)

E(D) = aTA\; e M o
(D)) = o {1— T (1= )}, (7.3.24)
where

F=EAT D i=c,e. (7.3.25)

Using the expression (7.3.24) for E(D;) in (7.3.23), the resulting
equation will be solved for T. Tables for T + 7 for ¢;=0 and
¢; = A,;/4 are given by Rubinstein ez al. (1981).

For an alternative formulation of this problem, one is referred
to George and Desu (1974).

From a simulation study, Rubinstein e al. (1981) observed that
“the above method gives trial lengths which yield accurate power
when used with the nonparametric Mantel-Haenszel (logrank)
test.” When there is no loss to follow-up and no follow-up period,
trial lengths obtained by Rubinstein et al. differ very little from
the results of George and Desu (1974).

In some clinical trials the objective is to compare three or more
treatment groups. Makuch and Simon (1982) considered the prob-
lem of determining sample size requirements and trial lengths
when one is comparing time-to-failure (i.e., death times) among
k treatment groups.
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Schoenfeld and Richter (1981) prepared nomograms for calcu-
lating sample sizes (the number of patients needed) for a clinical
trial where two treatments are being compared, and survival is
the end point. In preparing these nomograms they assumed that
the survival times follow an exponential distribution, and that
patients enter the study uniformly.

The logrank test is commonly used to compare two survival
distributions. Schoenfeld (1981) considered the problem of sam-
ple size determination when the data is analyzed using the log-
rank test. Also Freedman (1982) considered this problem and
tabulated the number of patients required for such studies.

Morgan (1985) noted that in clinical trials the choice of accrual
period and the follow-up period to produce an adequate power to
detect a specified difference is not unique. He presented methods
for determining appropriate combinations for the accrual and
follow-up periods and the unique cost effective choice of accrual
and follow-up periods. It may be noted that the unique cost
effective duration of follow-up depends on the ratio of the cost of
accruing patients to the cost of following patients for end point
determination. The optimal length of a clinical trial minimizing its
cost is also considered by Gross et al. (1987).

Palta and Amini (1985) discuss sample size determination for
survival studies, taking stratification into account. Formulas and
tables, which apply to the case of multicenter clinical trials, are
given. Estimation of sample size, when a covariate is grouped
into strata, is also given.

For a nice review on the size and length of a phase III clinical
trial, the reader is referred to George (1984).



Guide to Selected
Appendix Sample Size Tables

The percentiles of Normal, ¢, X2, and F distributions are available
in many standard textbooks. The following is a partial listing of
other tables that give sample sizes or those that are useful in
determining the sample sizes.

Aleong, J., and Bartlett, D. E. (1979). Improved graphs for
calculating sample sizes when comparing two independent bino-
mial distributions. Biometrics 35, 875-878. Sample size charts for
testing the equality of two Bernoulli probabilities with a specified
power are given.

Bechhofer, R. E. (1954). A single-sample multiple decision
procedure for ranking means of normal populations with known
variances. Ann. Math. Statist. 25, 16-39. Tables of A values used
in Equation (6.2.7) are given.

Bechhofer, R. E., and Dunnett, C. W. (1988). Percentage
points of multivariate student ¢ distributions. In Selected Tables in
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Mathematical Statistics, Vol. 11, American Mathematical Society,
Providence. RI. An extensive tabulation of |d|¢_1, .. values used in
Equation (3.2.17) and other percentiles are given.

Bechhofer, R. E., Dunnett, C. W., and Sobel, M. (1954). A
two-sample multiple decision procedure for ranking means of nor-
mal populations with a common unknown variance. Biometrika
41, 170-176. The values of h used in Section 6.2.2 are tabulated.

Bowman, K. O., and Kastenbaum, M. A. (1975). Sample size
requirement: single and double classification experiments. In
Selected Tables in Mathematical Statistics, Vol. 3, 111-232, Amer-
ican Mathematical Society, Providence, RI. Table 1 on pp. 123—
194 gives the noncentrality parameter of an F-test for testing the
equality of several means, and the sample sizes can be deter-
mined by using this noncentrality parameter.

Bratcher, T. L., Moran, M. A., and Zimmer, W. J. (1970).
Tables of Sample sizes in the analysis of variance. J. Qual.
Technology 2, 156-164. Tables of common sample sizes, for
testing the equality of several means by controlling the power, are
given.

Casgrande, J. T., Pike, M. C., and Smith, P. G. (1978). An
improved approximate formula for calculating sample sizes for
comparing two binomial distributions. Biometrics 34, 483-486.
Exact and approximate common sample sizes are tabulated for
testing the equality of two Bernoulli probabilities using a 0.05 level
one-sided test with a power of 0.90.

Cochran, W. G., and Cox, G. M. (1957). Experimental De-
signs, (Second Edition), John Wiley & Sons, New York, NY.

(i) Table 2.1 on pp. 20-21 gives the common sample sizes for
testing the equality of two population means using a t-test
based on independent samples by controlling power.

(ii) Table 2.1(a) on pp. 24-25 gives the common sample sizes
for testing the equality of two Bernoulli probabilities by
controlling the power.

Cohen, J. (1969). Statistical Power Analysis for the Behavioral
Sciences, Academic Press, New York, NY. Contains several
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tables giving the power functions and sample sizes for various tests
discussed in the text.

Croarkin, M. C. (1962). Graphs for determining the power of
Student’s t-test. J. of Research of National Bureau of Standards
B66, 59-70. Power charts for the t-tests are given, and these are
helpful in determining the sample sizes.

Davies, O. L. (1960). (Ed.) The Design and Analysis of Indus-
trial Experiments. Oliver and Boyd, London, England.

(i) Table E on pp. 606—607 gives the sample size for testing
one population mean using a t-test by controlling the
power.

(ii) Table E, on pp. 609-610 gives the common sample sizes
for testing the equality of two population means using a
t-test based on independent samples by controlling the
power.

(iii) Table G on p. 613 gives the sample size for testing a
hypothesis about a population variance.

(iv) Table H on p. 614 gives the common sample size for
testing the equality of two variances.

Desu, M. M., and Sobel, M. (1968). A fixed subset-size
approach to the selection problem. Biometrika 55, 401-410. An
extended version of the table of A-values of Bechhofer (1954) is
given.

Dunnett, C. W. (1955). A multiple comparisons procedure for
comparing several treatments with a control. J. Amer. Statist.
Assoc. 50, 1096-1121.

Dunnett, C. W. (1964). New Tables for Multiple Comparisons
with a Control. Biometrics 20, 482—491. Table of |d|&_, .. values
used in Equation (3.2.17) is given.

Feigl, P. (1978). A graphical aid for determining sample size
when comparing two independent proportions. Biometrics 34,
111-122. Sample size charts, for testing the equality of Bernoulli
probabilities by controlling the power, are given.

Gail, M., and Gart, J. J. (1973). The determination of sample
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sizes for use with exact conditional test in 2 X2 comparative
trials. Biometrics 29, 441-448. Tables of sample sizes for Fisher’s
exact test for differences between proportions are given.

Gehan, E. A., and Schneiderman, M. A. (1982). Ex-
perimental design of clinical trials. In Cancer Medicine, Second
Edition, Eds. Holland, J. F., and Frei, E., I1I, 531-533, Lea and
Febiger, Philadelphia, PA. Modified version of Table 2.1(a) of
Cochran and Cox (1957) is given.

George, S. L., and Desu, M. M. (1974). Planning the size and
duration of a clinical trial studying the time to some critical event.
J. Chron. Dis. 27, 15-24.

(i) Table 1 gives the sample size to detect a significant difference
in two exponential distributions using a one-sided test and
controlling the power.

(ii) Table 2 gives the duration of a clinical trial.

Gibbons, J. D., Olkin, I., and Sobel, M. (1977). Selecting and
Ordering Populations: A New Statistical Methodology, John
Wiley & Sons, New York, NY.

(i) Table Q.6 on pp. 506507 is adapted from Desu and Sobel
(1968).
(ii) Table G.1 on pp. 440-442 is adapted from Gupta and
Sobel (1962).
(1) Table R.1 on pp. 510-512 is useful in solving Equa-
tion (6.4.5).

Gupta, S. S. (1963). On a selection and ranking procedure for
gamma populations. Ann. Inst. Statist. Math. 14, 199-216. A
table useful in solving Equation (6.4.5) is given.

Gupta, S. S., and Sobel, M. (1962). On the smallest of several
correlated F statistics. Biometrika 49, 509-523. A table useful in
solving Equation (6.2.13) is given.

Harter, H. L. (1960). Tables of range and studentized range.
Ann. Math. Statist. 31, 1122-1147. Table of q; . used in Equa-
tion (3.2.13) is given.
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Haseman, J. K. (1978). Exact sample sizes for use with the
Fisher-Irwin test of 2 X 2 tables. Biometrics 34, 106—109. Exact
sample sizes are tabulated for testing two Bernoulli probabilities
using a one-sided test controlling the power.

Haynum, G. E., Govindarajulu, Z., and Leone, F. C. (1973).
Tables of the cumulative noncentral chi-square distribution. In
Selected Tables in Mathematical Statistics, 1, 1-78, Ed. Harter and
Owen; American Mathematical Society. Table II on pp. 43-78
gives the noncentrality parameter of a chi-square distribution, and
sample size can be determined from the noncentrality parameter.

Korn, E. L. (1986). Sample size tables for bounding small
proportions. Biometrics 42, 213-216. Sample size tables are given
controlling the upper confidence limit for estimating one small
Bernoulli probability.

Lesser, M. L., and Cento, S. J. (1981). Tables of power for the
F-test for comparing two exponential survival distributions. J.
Chron. Dis. 34, 533-544. Tables of power of the two-sided F-test
for comparing two exponential distribution are given, and they can
be used to determine the sample size.

Lieberman, G. J., and Owen, D. B. (1961). Tables of the
Hypergeometric Distribution, Stanford University Press, Stan-
ford, CA. The probabilities and cumulative distribution of the
hypergeometric distribution are tabulated.

Odeh, R. E., and Fox, M. (1975). Sample Size Choice: Charts
for Experiments with Linear Models, Marcel Dekker, Inc., New
York, NY. Expanded power charts for F-tests are given on
pp. 83-188, and they are helpful in determining the sample sizes as
discussed in the text.

Pearson, E. S., and Hartley, H. O. (1951). Charts of the pow-
er function for analysis of variance tests, derived from the non-
central F-distribution. Biometrika 38, 112-130. Charts of the
power function of the F-test are given.

Rubinstein, L. V., Gail, M., and Santner, T. J. (1981). Plan-
ning the duration of a comparative clinical trial with loss to
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follow-up and a period of continued observation. J. Chron. Dis.
34, 469-479. Tables of T + tof Section 7.3.2 for ;= 0 and ¢, = A;
are given.

Schork, M. A., and Williams, G. W. (1980). Number of
observations required for the comparison of two correlated pro-
portions. Comm. Statist. B9, 349-357. The sample sizes needed
for McNemar’s test by controlling power are tabulated.

Thompson, Jr., W. A., and Endriss, J. (1961). The required
sample size when estimating variances. Amer. Statistician 15,
22-23. A table of sample sizes, needed when a fixed width confi-
dence interval for the population standard deviation is required,
is given.



Problems and Supplements

(1) Let § be an unbiased estimator of 6, based on a random
sample of size n from a probability distribution.

(a) One wants to control the absolute error so that
P(l6—6l<d)=1-aq,

where d and « are specified positive constants. Determine
n so that this requirement is satisfied. [Hint: Use Cheby-
chev’s inequality and get an equation for determining ».]

(b) In some cases the distribution of the estimator can be
approximated by a normal distribution. Using this approx-
imation, determine n so as to meet the same specification.
[Note: In these two cases, this specification for obtaining
the sample size amounts to obtaining the sample size by
controlling the variance of 8, and the variance bound is a
function of d and a.]

(2) Suppose that T is a statistic based on a random sample of
size n from a continuous probability distribution. A confidence

109
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interval of the form (T/f, Tf), with confidence coefficient 1 — «,
for the positive valued parameter 6 is desired, where f and «
are specified constants such that f>1. Assuming that the dis-
tribution of T/ depends only on n, determine n so that

T
P<—<0<Tf>>1—a.
f

[Note: The equation for determining n resembles (1.2.11). This
confidence interval has the property

1 — (lower limit/middle point) = (upper limit/middle point) — 1.
See Nelson (1982).]

(3) Let X,, X», . .., X, be a random sample on X ~ N(u, o).
Let 52 be the sample variance. Sometimes s is used as an estima-
tor of the population standard deviation o. Obtain the needed
equation to determine # so as to satisfy the following requirement

d

where r* and «a are specified constants such that #* < 1. Obtain an
approximation to the required sample size by using a normal
percentile approximation to the x* percentile. [See Section 1.2.6
and Thompson and Endriss (1961).]

S§— 0

sf“)zl—a,

g

(4) Life Testing. Consider a life-testing experiment where n
items are put on test in order to observe the life times. Let X,
‘X,,..., X, be the life lengths of these items. It is assumed that
the life time distribution is NE(0, 6). At times the testing of the
items is stopped after observing ¢ failures. In other words, only
the first ¢ order statistics, namely, Xy, X¢),..., X of the
sample are observed. The usual estimator of 6 is

E§=1 X(l) + (”l - t)X(,)
{ .

é:

Now (2t/6)8 ~ x*(2t). Determine the sample size n so that

(é—e
P [
0

sf")al—a
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for specified constants r*(<1) and a. [Note: This specification
determines a minimum value for ¢, which in turn determines a
minimum value for n.]

Testing a hypothesis about 6: Consider the problem of testing
H,: 6= 6, against the one-sided alternatives H,: 6> 6,. The cri-
tical region of the usual a-level test is

.~ [B)
> | — _.(21).

Determine n so that this test has a power 1 — B at 6= 6,.

(5) Estimation by Controlling the Width of a Confidence Inter-
val. Let X;,X,,..., X, be a random sample on X ~ N(u, 0%,
where both the parameters are unknown.

(a) Let (L,U) be the usual confidence interval for u with
confidence coefficient 1 — «, based on this random sample.
The width of this confidence interval, U — L, is a random
variable.

(i) Determine the sample size n so that
P(U-L<ko)=y,

where k and y are given positive constants. In other
words, obtain the implicit equation for determining n,
which depends on the percentiles of T(n—1) and
x*(n—1).

(ii) Since o? is unknown, one may want to choose n to
satisfy a modified requirement, namely,

PU-L=<k)=vy.

where k an vy are given positive constants. This choice
of n clearly depends on o2. A way out of this predica-
ment is to consider a procedure based on a sample
drawn in two stages. Develop such a procedure. [See
Graybill (1958).]

(b) Let W be the width of the usual confidence interval for o2,
with confidence coefficient 1 — a. Determine #n so that

P(W=<ka?) =y,
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for specified constants k£ and vy. [For relevant tables see
Graybill and Morrison (1960).]

(c) Prediction Interval. At times one may want to predict a
future observation on the basis of a random sample from
N(u, o?) distribution. The usual 100(1 — @) percent pre-
diction interval for a future observation, when o2 is un-

known, is
_ 1 1/2
X *t,n(n—1) [(1+;)s2] ,

where X is the sample mean, and s? is the sample variance.
Let W, be the width of this interval. Determine n so that

P(W,<kao) =,
for specified constants k and .

(6) Let Y, be the minimum of a sample of size n from NE(y, 6)
distribution. Consider (Y; — d, Y;) as a confidence interval for .
Determine n such that the confidence coefficient is 1 — &, assum-
ing that 6 is known. [Desu (1971) showed that this interval is the
optimal confidence interval of width d.]

(7) Stein’s Two-Stage Sampling Scheme. An initial random
sample X;, X,,...,X,, is taken on the random variable X ~
N(u, o). Here both the parameters u and o? are unknown and
ny >3. Let s? be the variance of this first stage sample and let

2
n= max{nl , [?} + 1},

where [y] stands for the integral part of y. Take n — n; additional
independent observations on X, if necessary. Let X be the mean
of all n observations on X.

(i) Show that /n(X — u)/s is distributed as Student’s ¢ vari-
able with (n; — 1) degrees of freedom.

(i) Consider the problem of estimating u such that
P(|X —ulsd)=1-a,

where X is the mean based on the two stage sampling
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scheme. To meet this requirement, show that the appro-
priate choice of ¢ is {d/(t,/2(n; — 1))}%.
(iii) If one wants to estimate u by X so that Var(X)<V*,
show that an appropriate choice of cis (n, — 3)V*/(n, — 1).
(iv) To obtain an a-level test of Hy: =y, based on X, with

power 1 — Bat w; > u,, show that the appropriate choice
of cis

— (m _,U«o)2
{ta(ny — 1) +15(ny = D’

[Hint: Show that the conditional distribution of the vari-
able in (i), given 5%, is N(0, 0?/s?) and then obtain the
unconditional distribution, while noting that (n, — 1)s?/ o2
is distributed as y*(n; —1) random variable. See Stein
(1945), and Hewett and Spurrier (1983).]

(8) Let Xy, X5, ..., X, be a random sample on X ~ NE(v, §).
Consider Y, the sample minimum, as an estimator of .

(i) Determine n, the sample size, so that E(Y — y)>< M*, a
given constant, assuming that 6 is known.

(i) When 6 is unknown, one may use an estimator based on a
two-stage sampling scheme described next.

(a) Take an initial random sample X, X,, ..., X, of size
ny on X, where n, = 2. Calculate

6 = HE X — Y(”l)
=1 (m—1)
where Y(n,) is the minimum of this sample.
(b) Let n=max{n;,[c8] + 1}.
(c) Take n— n, additional independent observations on

X, if necessary. Let Y(n) be the minimum of all the n
observations.

The statistic Y(n) is used as an estimator of y. Find ¢ such
that E(Y(n) — y)> < M*.

[Hint: Given 6, Y(n)~ NE(y, 8/n). Also 26/6 follows
x*(2n; — 2) distribution. See Desu et al. (1976).]
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(9) Estimation with a Prescribed Variance. Let X be a random
variable of interest with the probability function or probability
density function f(x, 8). It is desired to estimate a function of 6,
p(6), with prescribed precision, that is, one wants an unbiased
estimator p such that Var(p) < B(#), where B is a given function.
Under certain conditions, one can achieve this by taking the
sample in two stages. Develop such a two-stage estimation proce-
dure when X has a Bernoulli distribution, and one wants to
estimate = E(X). [See Birnbaum and Healy (1960).]

(10) Let X;, X5,..., X, be a random sample on X ~
N(,u,,oz), where w and o? are unknown. Show that an approx-
imation to the sample size required for an a-level one-sided #-test
of Hy: w = pg, Hyt > py, with a power of 1 — B when w is the
100p percentile (p <0.5) of the normal distribution with mean
u, (a specified value of u under the alternative hypothesis) and

variance o? is
z.+z,)?
H"—B} +0.52§] +1.
Zp

[Hint: X — ks is approximately distributed as a normal variable
with mean u — ko and variance (o°/n)(1 + k*/2) for any given
k value. See Guenther (1981).]

(11) In acceptance sampling using measurement data, the lot
quality is usually specified by the proportion of defectives. In the
case of a single upper specification limit U, any unit with a value
greater than U is considered defective. The measurement vari-
able X is assumed to follow the N(u,o?) distribution. If p, is
the acceptable proportion of defectives (AQL) of a lot with mean
Mo, then U= uy+ z, o. For a lot with proportion of defectives
P1, the mean w, differs from w, by

My — o =1{U— Zp,U'}“ {U- Zp‘,U'}EAU'-

Show that the power function of the t-test, considered in Problem
10, for testing the null hypothesis that the proportion of defec-
tives is py against the alternative that it is greater than p, is

P(T(n—1;(z, — zp)\/ﬁ) >t (n—1)).

Show that the sample size, required for the power to be 1 — 3 at
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p =D, satisfies the following implicit relationship

hop(n—1A/n)=t,(n—1).
[See Chapter 2 of Guenther (1977).]

(12) Let X;, X5,...,X, be a random sample on X, which is
uniformly distributed over [0, 6] for a positive 8. An unbiased
estimator of 6 is 6 = (n+1)X,/n, where X, is the largest
observation. Determine an implicit equation for the sample size n
such that P[8/60>1—-r*]=1—a.

(13) Sample-size Precision Schedule. In the problem of estima-
tion, the required sample size depends on d or r*, for a given «a.
As such the quantity d or r* may be viewed as a measure of the
precision of the estimator. Since the cost of the experiment
depends to a great extent on the sample size, the experimenter
may want at times to tabulate d or r* obtainable for various
values of n and then make a choice. Such a table is the so-called
“sample-size precision schedule” (cf. Mace, 1964). Consider the
problem of estimating 8§ = E(X ), where X ~ NE(0, ). The usual
estimator is X (mean of a sample of size n), and this estimator has
to satisfy the condition

(%)

Prepare a sample-size precision schedule for n =2 (1) 10 (10) 50.
[Hint:

= r*) =0.9.

. X6.95(2n) — X5.05(2n)

X%.95(2’1) - X(z).os(zn)'
(14) Let X be a random variable with N(u, o?) distribution,
where the variance o2 is known. The prior distribution of w is

N(po, 05) distribution. Then the posterior distribution of wu,
given a random sample X of size n on X, is N(i, 0%), where

{(M()/U(z)) + (”1\7/02)}
(1/0%) + (n/o?)

o=

and
oi ={(1/aof) + (n/a?)}™";
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here X is the sample mean. The Bayes (point) estimate of u is fi.
Determine 7 so that i = d is a posterior interval of level 1 — «a. In
other words determine n such that

P(lp—pl<d|X)=1-a,

for given positive d and «a.

(15) Let X be a random variable with N(u, %) distribution,
where both parameters are unknown. Consider the uniform
prior, namely,

1
P(M,Uz)“(‘i)-
a
Then the (marginal) posterior distribution of o2, given a ran-
dom sample X of size n(>3) on X, is such that (n—1)s*/c*~
x2(n— 1), where s* is the sample variance. The Bayes estimate of
o’ is

_, (n=1)s
T on-3
Determine » so that
0_2_6.2
P — =r|X|=1-a,
a

for given positive fractions » and a. [Note: The equation to
determine n resembles (1.2.11) and as such an approximation can
be derived using the discussion of that section.]

(16) Let X be random variable with NE(0, 1/A) distribution.
Consider the uniform prior for A, namely, p(A) = k. The posterior
density function, given a random sample X of size n on X, is

m(AlX) =""A"e™ Y/ (n)), for A>0,

where 1 is the sample sum. The Bayes estimate is A = (n + 1)/t.
Determine » so that

A=A
P X <srlX|=1-a,

for given positive fractions r and a.
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(17) Let X and Y be two independent random variables such
that X ~N(u,,02%) and Y ~N(u,,c?). First-stage samples
X:,..., X, onXandY,,...,Y, onY are available. Let s, be
the pooled variance of the two samples and let

2
n= max{n [s_p} + 1}
1 c .

An additional sample of n —n; observations on X and Y are
obtained, if necessary. The mean of all n obsgrvations onXis X,
and the mean of all n observations on Y is Y.

(i) Show that [n[(X — ¥)— (s, — u)]/s, has Student’s
distribution with 2(n; — 1) degrees of freedom.

(ii) In the problem of estimating w, — u,, show that the
choice of ¢, to meet the requirement P(|(X —Y) -

(k- m)l<d’)=1-a,is

1 d* 2
) {ta (2n, - 2)}

(iii) Show that the choice of ¢ in relation to the problem of
testing Hy: u; = u, against the alternative Hy: u; > i, is

e= B ) 4 ()

where v=2n; — 2.

(18) Let X, X,,..., X, bearandom sample on X ~ NE(y,, 6)
and Y,, Y,,...,Y, be an independent random sample on
Y~ NE(y,, 0). Let T, and T, be the minimums of the two
samples respectively. If 6 is known, show that the common
sample size n such that E{(T;—T) — (y; — v.)}’<M* is
[6/2/M*] + 1. Design a two-stage estimation procedure when 6
is unknown. [See Desu et al. (1976).]

(19) Let X, X5,..., X, be a random sample on X ~ N(u,,

c®)and Y,,Y,,...,Y, be asample on Y~ N(u,, 02), where u,,
M2, and o’ are unknown Let x, and y, be 100p, and 100p,
percentiles of X and Y varlables respectively. For an a-level
test of

Hy: x, = y,,, against Hy: x, <y, , (p1>p2)
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one wishes to use the usual one-sided two sample #-test based on
the statistic

_(X-71)

T—z,
Sp;

which follows a noncentral ¢-distribution with 2n —2 degrees of
freedom and noncentrality parameter /n/2 (2p, — zp,), when H,
is true. If a power of 1— g is desired when x, =y, , where
p> < p,, an approximation to the required sample size n is
[7*] — 1, where

_+_ 2
v =i 22

P2 sz

here the constant k is given by

2a(2p, = 2p ) + 25(2p, — 2,)
z,t zg ’

2k=

[See Guenther (1975).]

(20) Let X;,X,,...,X, be a random sample on X~
N(ui,0%) and let Y,,Y,,...,Y, be a random sample on
Y ~N(u,,03). Assume that X and Y are independent. Let
R = P(Y < X). In stress and strength analysis, X is the strength of
a component subject to a stress Y so that the resulting reliability
of the component is R. The samples are used to estimate R. Let X
and Y be the two-sample means and let s7 and s, be the two
sample variances. An estimate of R is & =(X —Y)/s, where
s?=s2+s?. Given R, R,, @ and B find n and §, such that

P(6>8.86=8)=1-a,

P(S>8c|8= 82)=B’
where 8, = ® 1(R,), i=1, 2, ® being the distribution function of
the standard normal distribution. [Hint: The probabilities of in-
terest depend on noncentral ¢-distributions, and the equations

have to be solved iteratively. For an approximate solution, see
Reiser and Guttman (1989).]
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(21) Let X,, X5, ..., X, be k independent random variables
such that X;~ N(u;, 02),i=1,..., k. Random samples of size n,
are taken on each X;. The pooled sample variance is denoted by
s5. Itiswellknown thatk(n, — 1).s,/0* = vs; /o follows the x*(v)

distribution. Let
S
n=maxin,|—|+1%,
c

where c is a specified constant. Now, if necessary, random sam-
ples of size n — n; are taken on each X; and the mean of the n
observations on X, is X;, i=1,...,k. Let T, = J/n(X; wi)/S,
i=1,...,k. The distribution of the random vector T = (T},
T5,..., T;)' is a k-variate r-distribution of Dunnett and Sobel
(1955). If one wants to control the error in estimating the differ-
ences u; — My as in Equation (3.2.10), show that the choice of c is

c=(d/q.),

where ¢p, is the upper a-percentile of the studentized range
distribution with parameters & and » as tabulated in Harter
(1959). With this choice of ¢, a 100(1 — «) confidence region for
the differences is '

s
mi— M E X, — X)) £ qz8, (T%)

(22) Following the notation of Section 3.2.2 and Problem 17, if
one wants to control the error in estimating the k — 1 differences
w;— g fori=2,3,..., k as specified in Equation (3.2.15), show
that the choice of ¢ for an appropriate two-stage procedure is

dZ
T 2R3 (1;0.5)°
where h(v; p) are the percentiles of (k — 1) variate t-distribution
tabulated by Bechhofer and Dunnett (1988). [See Desu (1989).]

(23) Let X;~N(u;,0?),i=1,2,..., k be k independent ran-
dom variables. Samples of size n are taken on each X, and let s}
be the variance of the sample on X;. Testing the null hypothesis
Hy: 0i=0%=---= ois equivalent to testing the null hypothesis

(o
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Hy ln 02=1In g3=---=In o%. Note that In s? is approximately
distributed as N(In ¢?,2/n), i=1, 2,..., k. Thus, H, can be
tested using the test statistic

M =

(Ins? — A)?

i=1

T=

bl

k—1
where
A =3k Ins?/k.

(i) Find the critical region of an a-level test of Hy using T
when the alternative is not Hy.

(i1) Find the required sample size controlling the power of this
test at 1 -8, when o?=c?* for specified o?*, i=

1,2,... k.

(24) Warner (1965) developed an ingeneous method for esti-
mating the proportion, 6, of individuals belonging to a sensitive
category C. In its simplest form it consists of taking a simple
random sample of size n with replacement. Each individual in the
sample is requested to answer question (a) or (b) with a “yes” or
“no” response. The individual selects the question (a) with
probability p. The two questions are

(a) I belong to the sensitive category C;
(b) I do not belong to the sensitive category C.

The individual will not disclose which question is being chosen.
If n, individuals gave a ‘“‘yes” response, then an estimate of 6
is 8=1{(n/n)—(1—-p)/2p—1), and the variance of 8 is
{6(1 — 0)/n} + {p(1 — p)/(n(2p — 1)%)}. Suppose that 8, is the usual
estimate of 6 based on a simple random sample of size n*, where
the sample is drawn with replacement and the technique is not
used. Show that for the two estimates to have equal variances, the
sample size n has to be taken as

n=n*{1+ p1-p) }

(2p — 1)°6(1 — 6)
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(25) Let m, m,,..., m be k populations where observations
from m; follow NE(u;,6) distribution, i=1,2,...,k. It is of
interest to select the best population, the one associated with the
largest w;. The usual selection procedure is based on Y,
Y,,...,Y, where Y;is the minimum of a sample of size n from m;,
i=1,2,...,k. The population that corresponds to max Y; is
selected as the best population. The problem is to determine
the common sample size n so that the P(cs) = P* whenever
M)~ Mg—11= 6% (Up)S pzpS - Sy are the ordered u
values). Show that the required n value is to be chosen so that

8*
n(?) =—Ilnv

where v is the solution of
(vk) "Y1 — (1 — )<} = P*.
[See Raghavachari and Starr (1970).]

(26) In the selection problem of (25), the common sample size
depends on 6. When 6 is unknown, in order to meet the require-
ment on P(cs) one needs to use a two-stage procedure similar to
the one described in Section 6.2.2. Design such a two-stage
procedure. [See Desu et al. (1977).]

(27) Let X;;,...,X;, be a random sample of size n on
X~ N(py;, a?). It is known that

My =p+ 6+ B+ vy,

fori=1,2,...,kandj=1,2,...,b.Itis assumed that Z;6,=0,
2B8=0, Zv;,=0 for j=1,2,...,b, and Z;y;=0 for
i=1,2,..., k. It is of interest to test the null hypothesis
Hy: 6, = 6,=---= 6. The problem is to determine » so that the
usual a-level F-test for testing H, has a power not less than 1 — 8
for certain alternatives. Obtain an expression for the power func-
tion of the usual F-test and indicate how one can determine #.
[See Kastenbaum et al. (1970).]

(28) Let (X;,Y;), i=1,2,...,n be a random sample from a
bivariate normal distribution with mean vector (u,.u,)" and
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covariance matrix

o po,T,
Jole e a; |
Let B=po,/o.. Further, let X =2X,/n,Y=3Y;/n,Sx]=
(X, - X), Zxy=3(X - X)(Y;-Y), B=Zxy/Zx;. Then
Thigpen and Paulson (1974) showed that
T=(B-B)/loy(1 - p")/{(n~ Da}]'2,

has Student’s ¢-distribution with n — 1 d.f. Show that the required
sample size n controlling relative error in estimating 8 at § with
probability 1 — yis [n*] + 1, where n* is the solution of

{ty/z(n -1)J(1 - pz)/pz}2 1
> .

[¢f. Thigpen (1987).]

(29) Consider a study that is undertaken to obtain an upper
bound on 6 the probability of exhibiting some side effects when a
drug is given. Determine the sample size (the number of patients
to be enrolled in the study) so that the study will be successful
with a 90% probability. A study will be considered successful if
the upper 95% confidence limit on 6 is 5% or less. [Hint: See
Korn (1986).]

(30) Following the notation of Section 3.2, in clinical trials
context one will be interested in testing the null hypothesis

HO:MI'_MI:O’ i:2?3?'--,k,
against the alternative
Hy: pi— puy #0 for at least one i =2,3,... k.

The critical region of the usual test, assuming equal known o for
the k populations and equal sample sizes n, is

_ 207
max |X;,—X,|>c [—,
i=23,... .k n

where ¢ will be chosen so that the test has significance level a. It
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may be desirable that the test has a specified power 1 — 8, when
at least one experimental treatment i for i=2,3,...,k is suf-
ficiently different from the control treatment one, that is,
max |A]=d*,
i=23...., k
where A; = u; — pq and d*(>0) is specified. Develop a procedure
to determine the sample size in this context [see Bristol (1989)].
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Acceptance Sampling, 66, 114
Accuracy, 1, 4
Asymptotically, 6, 13, 15, 28, 93

B

Bayes estimate, 116
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Bernoulli, 78, 80
exponential, 80
normal, 74, 76
population, 73
Bioequivalence, 88, 95
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Cauchy-Scwartz inequality, 29, 42, 68,
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Central limit theorem, 6, 13
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Index

Confidence interval, 110, 111
Control, 41, 85, 91, 123
Correct selection, see also CS, 74, 77
Cost, total, 71

expected, 72
Cost function, 26, 29, 38, 42, 68, 69
Crossover design, 84, 97
CS, see also Correct selection, 74, 75,
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Distribution
Bernoulli, 12, 36, 49, 78, 79
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Distribution (continued)

noncentral x2, 50, 52, 58, 59, 87, 88,
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noncentral F, 46, 60

noncentral ¢, 56, 95, 97, 118

normal, 2, 23, 46

survival, 99
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absolute, 3, 13, 17, 24, 44, 45, 46, 55,
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relative, 5, 18, 27, 37, 55, 56, 61, 122

Estimation

v (exponential location), 17

0 (exponential scale), 18

6 (probability of success), 13

u (normal mean), 3, 112
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o? (normal variance), 5

Bayesian approach, 20
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Expected cost, 71
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Generalized variance, 63, 64
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Interval
confidence, 110, 111
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